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Abstract 

After an introduction to some basic issues in non-commutative geometry (Gel'fand 
duality, spectral triples), we present a "panoramic view" of the status of our current 
research program on the use of categorical methods in the setting of A. Connes' non- 
commutative geometry: morphisms/categories of spectral triples, categorification of 
Gel'fand duality. We conclude with a summary of the expected applications of "cat- 
egorical non-commutative geometry" to structural questions in relativistic quantum 
physics: (hyper)covariance, quantum space-time, (algebraic) quantum gravity. 
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1 Introduction. 

The purpose of this review paper is to present the status of our research work on categorical 
non-commutative geometry and to contextualize it providing appropriate references. 

The paper is organized as follows. In section |^ we introduce the basic elementary 
definitions about categories, functors and natural transformations and dualities just to fix 
our notation. 

In section we first provide a review of the basic dualities (Gelf 'and, Serre-Swan and 
Takahashi) that constitute the main categorical motivation for non-commutative geometry 
and then we pass to introduce the definition of A. Connes spectral triple. 

In the first part of section |], we give an overview of our proposed definitions of mor- 
phisms between spectral triples and categories of spectral triples. In the second part of 
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section^ we show how to generalize Gel'fand duality to the setting of commutative full C*- 
categories and we suggest how to apply this insight to the purpose of defining "bivariant" 
spectral triples as a correct notion of metric morphism. 

The last section is mainly intended for an audience of mathematicians and tries 
to explain how categorical and non-commutative notions enter the context of quantum 
mathematical physics and how we hope to see such notions emerge in a non-perturbative 
treatment of quantum gra vity. 

The last part (section [5.5.2| ) is more speculative and contains a short overview of our 
present research program in quantum gravity based on Tomita-Takesaki modular theory 
and categorical non-commutative geometry. 

We have tried to provide an extensive biliography in order to help to place our research 
in a broader landscape and to suggest as much as possible future links with interesting ideas 
already developed. Of course missing references are sole responsability of the ignorance 
of the authors, that are still trying to learn their way through the material. We will be 
grateful for any suggestion to improve the on-line version of the document. 

Notes and acknowledgments The partial research support provided by the Thai 
Research Fund (grant n. RSA4780022) is kindly acknowledged. The paper originates from 
notes prepared in occasion of a talk at the "International Conference on Analysis and its 
Applications" in Chulalongkorn University in August 2006. Most of the results have been 
announced in the form of research seminars in Norway (University of Oslo), in Australia 
(ANU in Canberra, Macquarie University in Sydney, University of Queensland in Brisbane, 
La Trobe University in Melbourne, University of Newcastle) and in Italy (SISSA Trieste, 
Universita di Roma II, Universita di Bologna and Politecnico di Milano). One of the 
authors (P.B.) thanks Chulalongkorn University for the weekly hospitality during the last 
three years of research work. 

2 Categories. 

Just for the purpose to fix our notation, we recall some general definitions on c ateg ory 



theory, for a full introduction to the subject the reader can consult S. MacLane [Mc| or 



Barr- Wells |BW 



2.1 Objects and Morphisms. 

A category c € consists of 

a) a classQof objects Ob<^, 

b) for any two object A, B G Ob<g a set of morphisms Kom<^(A, B), 

c) for any three objects A,B,C G Ob^ a composition map 

o : Hom^ (5, C) x Hom^(A, B) -> Hom^(A, C) 
that satisfies the following properties for all morphisms /, g, h that can be composed: 
(f og)oh = f o(goh), 

VA G Ob^, 3i A G Hom^f (A, A) : i A o / = /, g o i A = g. 



lr The family of objetcs can be a proper class. The category is called small if the class of objects is 
actually a set. 
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A morphism / 6 Hom^ (A, B) is called an isomorphism if there exists another mor- 
phism g G Hom<#(B, A) such that / o g = lb and g o f = la- 



2.2 Functors, Natural Transformations, Dualities. 

Given two categories ^ , 9, a covariant functor $ : c /f — ► ^ is a pair of maps 

3 : Ob^ -> Ob@, : A » $ A , VA G Ob^, 

J : Hom^ — > Horn®, # : a; i— » F(x), Vx G Hom^, 

such that a; G Hom^-A, -B) implies ^(a;) G Horn® ($Ai$b) & n d such that, for any two 
composable morphisms /, g and any object A, 

For a contravariant functor we require $(x) G Homg^BjS/i), whenever x G 
Hom^(A, B). 

A natural transformation r\ : J — > <S between two functors 5, (S : ^ — » is a map 

?7 : Ob<g" — > Horn®, 77 : A 1— > 77^4 G Hom^fSyi, 05^) , such that the following diagram 



©(x) 



C5i 



is commutative for all x G Hom<^(A, £?), A,Be Ob<#. 
The functor £ : -v ^ is 

• faithful if, for all A,B€ Ob&, its restriction to the sets Hom<^(A, B) is injective; 

• full if its restriction to Hom^(A, B) is surjective; 

• representative if for all X G Ob^ there exists A G Ob<g> such that is isomorphic 
to X in 9. 

A duality (a contravariant equivalence) of two categories ^ and 9 is a pair of con- 
travariant functors r : ^ — > 5? and E : ^ — > c € such that r o E and SoT are naturally 
equivalent to the respective identity functors I@ and 2^-. A duality is actually specified 
by two functors, but given any one of the two functors in the dual pair, the other one is 
unique up to natural isomorphism. A functor T is in a duality pair if and only if it is full, 



faithful and representative (sec for example Barr-Wells [BW, Definition 3.4.2]). 

Categories that are in duality are considered "essentially" the same (modulo the re- 
versing of arrows). 

Some important examples of "geometrical categories" i.e. categories whose objects are 
sets equipped with a suitable structure, whose morphisms are "structure preserving maps" 
and with composition always given by the usual composition of functions are: sets and 
functions; topological spaces and continuous maps; differentiable manifolds and 
differentiable maps; Riemannian manifolds (metric spaces) with global metric 
isometries; Riemannian manifolds with Riemannnian (or totally geodesic) im- 
mersions/submersions; orientable (Riemannian) n-dimensional manifolds with 
orientation preserving maps.Q 

2 Note that, in general, it has no intrinsic meaning to say that a map between manifolds of different 
dimension preserve (or reverse) the orientation: a map between oriented manifolds, determines only a 
unique orientation for the normal bundle of the manifold. 
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S-» Problem: we are not aware of any definition in the literature of "spin preserving 
map" between spin-manifolds of different dimension. In the case of manifolds with 
the same dimension, it is of course possible to say that a map preserves the spin 
structure if there is an isomorphism (usually non-unique), between the pull-back of 
the spin bundle of the target manifold and the spin bundle on the source manifold, 
that "intertwines" the charge conjugation operators. Anyway, even in this case, since 
spin bundles are not "natural bundles" on a manifold, there is no intrinsic notion 
of "pull-back" for spinor fields (unless we consider some special classes of manifolds 
such as Kahler spin manifolds of a given dimension^]). 

The correct solution of this problem (as in the case of "orientation preserving" maps) 
consists of equipping the morphisms (considered as "relation submanifolds" of the 
Cartesian product of the source and target spin (oriented) manifolds) with their own 
additional "spin structure" (orientation). Work on this issue is in progress 0. 

Other examples of immediate interest for us include vector bundles and bun- 
dle maps, with composition of bundle maps and Hermitian vector bundles and 
(co) isometric bundle maps. Note that if-theory is the study of some special functors 
from the category of vector bundles to the category of (abelian) groups. 



3 Non- commutative Geometry (Objects). 



For an introduction to the subject we refer the readers to the books by A. Connes [Cl| 



G. Landi [Lani , H. Figueroa-J. Gracia-Bondia-J. Varilly [FGV] (see also [Vai]) and 
M. Khalkha¥ |Kha) . 



Non-commutative geometry, created by A. Connes, is a powerful extension of the ideas 
of R. Decartes' analytic geometry: to substitute "geometrical objects" with their Abelian 
algebras of functions; to "translate" the geometrical properties of spaces into algebraic 
properties of the associated algebras^] and to "reconstruct" the original geometric spaces 
as a derived entities (the spectra of the algebras), a technique that appeared for the first 
time in the work of I. Gel'fand on Abelian C*-algebras in 1939.0 

Whenever such "codifications" of geometry in algebraic terms still make sense if the 
Abelian condition is dropped^] we can simply work with non-commutative algebras con- 
sidered as "duals" of "non-commutative spaces" . 

The existence of dualities between categories of "geometrical spaces" and categories 
"constructed from Abelian algebras" is the starting point of any generalization of geometry 
to the non-commutative situation. Here are some examples. 



3 P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, Non-commutative Totally Geodesic Submanifolds and 
Quotient Manifolds, in preparation. 

4 P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, Categories of Spectral Triples and Morita Equivalence, 
in preparation. 

5 A line of thought already present in J.L. Koszul algebraization of differential geometry. 

6 Although similar ideas, previously developed by D. Hilbert, are well known and used also in P. Cartier- 
A. Grothendieck's definition of schemes in algebraic geometry. 

7 Usually in the non-commutative case, there are several inequivalent generalizations of the same con- 
dition for Abelian algebras. 
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3.1 Non-commutative Topology. 
3.1.1 Gel'fand Theorem. 



For the details on operator algebras, the reader may refer to R. Kadison-J. Ringrose [KR|, 
M. Takesaki (t| and B. Blackadar [Q. A complex unital algebra A is a vector space 
over C with an associative unital bilinear multiplication. A is Abelian (commutative) 
if ab = ba, for all a, b £ A. An involution on A is a conjugate linear map ^ '. A- > A. 
such that (a*)* = a and (ab)* = 6*a*, for all a.b £ A. An involutive complex unital 
algebra is A called a C*-algebra if .A is a Banach space with a norm bh ||a|| such that 
Il a ^|| < IMI • H&H and ||a*a|| = |M| 2 , for all a, b £ A. Notable examples are the algebras 
of continuous complex valued functions C(X; C) on a compact topological space with the 
"sup norm" and the algebras of linear bounded operators B(H ) on the Hilbert space H. 

Theorem 3.1 (Gel'fand). There exists a duality (rW,£W) between the category 2?^, 
of continuous maps between compact Hausdorff topological spaces, and the category s^^\ 
of unital homomorphisms of commutative unital C* -algebras. 

is the functor that associates to every compact Hausdorff topological space X £ 
Ob^(i) the unital commutative C*-algebra C(A;C) of complex valued continuous func- 
tions on X (with pointwise multiplication and conjugation and supremum norm) and 
that to every continuous map / : X — > Y associates the unital *-homomorphism /* : 
C(Y; C) — > C(X; C) given by the pull-back of continuous functions by /. 

£W is the functor that associates to every unital commutative C*-algebra A its spec- 
trum Sp(.A) :— {ui u> : A — > C is a unital *-homomorphism} (as a topological space with 
the weak topology induced by the evaluation maps to <— > lo(x), for all x £ A) and that 
to every unital *-homomorphism (f> : A — > 23 of algebras associates the continuous map 
4>* : Sp(CB) — > Sp(A) given by the pull-back under <f). 

The natural isomorphism © : 2^<i> — ► I^ 1 ) o5]W is given by the Gel'fand transforms 
(8 a ■ -A -> C(Sp(A)) defined by <& A ■ a ^ a, where a : Sp{A) -> C is the Gel'fand 
transform of a i.e. a : lo i— > w(a). 

The natural isomorphism € : Iy(i) — > S^ 1 ) o I^ 1 ) is given by the evaluation homeo- 
morphisms <tx ■ X — > Sp(C(A)) defined by €x ■ P >—> ev p , where ev p : C(X) — > C is the 
p-evaluation i.e. ev p : / i— > f(p). 

In view of this result, compact Hausdorff spaces and Abelian unital C*-algebras are 
essentially the same thing and we can freely translate properties of the geometrical space 
in algebraic properties of its Abelian algebra of functions. 

In the spirit of non-commutative geometry, we can simply consider non- Abelian unital 
C*-algebras as "duals" of "non-commutative compact Hausdorff topological spaces" . 



3.1.2 Serre-Swan and Takahashi Theorems. 

A left pre-Hilbert-C*-module over the unital C*-algebra A (whose positive part 
is denoted by A+ :— {x*x \ x £ A}) is a unital left module M over the unital ring A that 
is equipped with an A- valued inner product M x M — > A denoted by (x,y) t— > a{% I y) 
such that, for all x,y,z^M and a £ A, (x + y \ z) — (x \ z) + (y \ z), (a - x | z) = a(x \ z), 
(y | x) = (x | y)*, (x | x) £ A + , (x \ x) = Oa => x — Om- A similar definition of a right 
pre-Hilbert-C*-module is given with multiplication by elements of the algebra on the right. 

A left Hilbert C*-module aM is a left pre-Hilbert C*-module that is complete in the 
norm defined by x i— > \/\\a(x \ x)\\^\ We say that a left pre-Hilbert C* -module aM is 

8 A similar definition applies for right modules. 
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full if span{(a; | y) \ x,y G M} — A, where the closure is in the norm topology of the 
C*-algebra A. A pre-Hilbert-C*-bimodule j\M% over the unital C*-algebras A, 55, is a 
left pre-Hilbert module over A and a right pre-Hilbert C*-module over 55 such that: 

(a ■ x) ■ b = a ■ (x ■ b), Va G A, x G M, b e 55. 

A full Hilbert C*-bimodule is said to be an imprimitivity bimodule or an equivalence 
bimodule if: 

a(x I y) ■ z = x ■ (y | Vx,y,zeM. 

A bimodule aMa is called symmetric if ax = xa for all x G M and a G ./!.[] A module 
is free if it is isomorphic to a module of the form (BjA for some index set J. A 
module aM is projective if there exists another module aN such that M © TV is a free 
module. 

An "equivalence result" strictly related to Gel'fand theorem, is the following "Her- 
mitian" version of Serre-Swan theorem (see for example M. Frank |F\], Theorem 7.1], 
N. Weaver We2| , Theorem 9.1.6] and also H. Figueroa-J. Gracia-Bondia-J. Varilly [ FGV| , 



Theorem 2.10 and page 68]) that provides a "spectral interpretation" of symmetric finite 
projective bimodules over a commutative unital C*-algebra as Hermitian vector bundles 
over the spectrum of the algebra.^ 

Theorem 3.2 (Serre-Swan). Let X be a compact Hausdorff topological space. Let -^c(x) 
be the category of symmetric projective finite Hilbert C* -bimodules over the commutative 
C* -algebra C(X;<C) with C(X;C) -bimodule morphisms. Let $x be the category of Hermi- 
tian vector bundles over X with bundle morphismsf^\. 

The functor T : §x — * ^c(x), that to every Hermitian vector bundle associates its 
symmetric C(X)-bimodule of sections, is an equivalence of categories. 

In practice, to every Hermitian vector bundle ir : H — > X over the compact Haus- 
dorff space X, we associate the symmetric Hilbert C*-bimodule T(X;H), the continuous 
sections of H, over the C*-algebra C(X; C). 

Since, in the light of Gel'fand theorem, non-Abelian unital C*-algebras are to be inter- 
preted as "non-commutative compact Hausdorff topological spaces" , Serre-Swan theorem 
suggests that finite projective Hilbert C*-bimodules over unital C*-algebras should be 
considered as "Hermitian bundles over non-commutative Hausdorff compact spaces" . 

S-» Problem: Serre-Swan theorem deals only with categories of bundles over a fixed 
topological space (categories of modules over a fixed algebra, respectively). In order 
to extend the theorem to categories of bundles over different spaces, it is necessary 
to define generalized notions of morphism between modules over different algebras. 
The easiest solution is to define a morphism from the ^.-module ^.M to the 25- 
module s?\f as a pair (</), <!>), where 4> '■ A — » 55 is a homomorphism of algebras and 



9 Of course this definition make sense only for bimodules over a c omm utati ve alge bra A.. 
10 The result, as it is stated in the previously given references [ ^r[ |WeS|] and FGV, page 68], is actually 



formulated witho ut th e finitness and projp 



:tivity conditions on the modules and with Hilbert bundles (see 
J. Fell-R. Doran [FD, Section 13] or [FGV, Definition 2.9] for a detailed definition) in place of Hermitian 



bundles. Note that Hilbert bundles are not necessarily loca lly trivial, but they become so if they have 



finite constant rank (see for example J. Fell-R. Doran [FD, Remark 13.9]) and hence the more general 
equivalence between the category of Hilbert bundles with the category of Hilbert C* -modules actually 
entails the Hermitian version of Serre-Swan theorem presented here. 
11 Continuous, fiberwise linear maps, preserving the base points. 
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$ : M — » 3\T is a C-linear map of the bimodules such that <&(am) = <f>(a)$>(m), for 
all a G yi and m G M. This is the notion that we have used in BCL1| P|, and that 



appeared also in [Tal, Ta2, FGV, Ho]. A more appropriate solution would be to 
consider "congruences" of bimodules and reformulate Serre-Swan theorem in terms 
of relators (as defined in [BCL1 ). Work on this topic is in progress^. 



S-> Problem: note that Serre-Swan theorem gives an equivalence of categories (and not a 
duality) , this will create problems of "covariance" for any generalization of the well- 
known covariant functors between categories of manifolds and categories of their 
associated vector (tensor, Clifford) bundles, to the case of non-commutative spaces 
and their "bundles" . Again a more appropriate approach using relators should deal 
with this issue. 

A first immediate solution to both the above problems is provided by Takahashi duality 
theorem below. Serre-Swan equivalence is actually a particular case of the following general 
(and surprisingly almost unnoticed) Gel'fand duality result that was obtained in 1971 by 
A. Takahashi [Pal, Ta2| . ™ In this formulation, one actually consider much more general 



C*-modules and Hilbert bundles at the price of losing contact with if-theory; anyway (as 
described in the footonote [lO] at page ||) the Hermitian version of Serre-Swan theorem can 
be recovered considering bundles with constant finite rank (over a fixed compact Hausdorff 
topological space). 

Theorem 3.3 (Takahashi). There is a (weak *-monoidal) category of left Hilbert 
C* -modules aM,t,N over unital commutative C* -algebras, whose morphisms are given by 
pairs {4>, $) where <fi : A — > 23 is a unital *-homomorphism of C* -algebras and $ : M — > N 
is a continuous map such that Q(ax) — c()(a)<&(x), for all a £ A and x G M . 

There is a (weak *-monoidal) category £ of Hilbert bundles (£, 7T, X), (?, p, y) over 
compact Hausdorff topological spaces with morphisms given by pairs (/, T) with f : X — > ^ 
a continuous map and T : /*(CF) — > £ satisfies tt o T = p' , where (/"(S^), p* , X) denotes 
the pull-back of the bundle (?, p, ^) under f. 

There is an equivalence (of weak *-monoidal) categories given by the functor T that 
associates to every Hilbert bundle (£,7T, X) the set of sections T(X; £) and that to every 
section a G T(^; 5F) associates the section T o /*(<t) G T(X; £). 

Of course, much more deserves to be said about the vast landscape of research cur- 
rently developing in non-commutative topology, but it is not our purpose to provide 
here an overview of this huge subject. Fairly detailed treatments of some of the usual 
techniques in algebraic topology are already available in their non-commutative coun- 



terpart (see [ FGV or the expository article by J. Cuntz JOyj] for more details): non- 
commutative K-theory (K-theory of C*-algebras), K-homology (G. Kasparov's KK-theory) 
and (co)homology (Hochschild and A. Connes-B. Tsygan cyclic cohomologies). Among 
the most recent achievements, we limit ourselves to mention the extremely interesting 
definitions of quantum principal and associated bundles (P. Baum-P. Hajac-R. Matthes- 



W. Szymanski |BHM£]) and of non-commutative CW-complexes (D. N. Diep JD|). 



12 See also P. Bertozzini, R. Conti, W. Lewkccratiyutkul, Non-commutative Totally Geodesic Subman- 
ifolds and Quotient Manifolds, in preparation. P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, Categories 
of Spectral Triples and Morita Equivalence, in preparation. 

13 P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, Categories of Spectral Triples and Morita Equivalence, 
in preparation. 

14 No tc tha t our Gel'fand duality result for commutative full C*-categories (that we will present later in 



section 4.2.1) can be seen as "strict"-*-monoidal version of Takahashi duality. 
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3.2 Non-commutative (Spin) Differential Geometry. 

What are "non-commutative manifolds" ? 

In order to define "non-commutative manifolds" , we have to find a categorical duality 
between a category of manifolds and a suitable category constructed out of Abelian C*- 
algebras of functions over the manifolds. The complete answer to the question is not 
yet known, but (at least in the case of compact finite-dimensional orientable Riemannian 



spin manifolds) the notion of Connes' spectral triples and Connes-Rennie-Varilly [RV1 
reconstruction theorem provide an appropriate starting point, specifying the objects of 
our non-commutative categoryp^. 

3.2.1 Connes Spectral Triples. 



A. Connes (see |C1, FGV ) has proposed a set of axioms for "non-commutative manifolds" 
(at least in the case of a compact finite-dimensional orientable Riemannian spin manifolds), 
called a (compact) spectral triple or an (unbounded) K-cycle. 

• A (compact) spectral triple (A, H, D) is given by: 

— a unital pre- 

CT-algebraQ-A; 

— a (faithful) representation tt : A — > B(TL) of A on the Hilbert space 7i; 

— a (generally unbounded) self-adjoint operator D on H, called the Dirac operator, 
such that: 

a) the resolvent (D — A) -1 is a compact operator, VA G C \ 1R,[J 

b) [D, 7r(a)]_ G B(H), for every a e A, 

where [x, y]— xy — yx denotes the commutator of x, y G B{TL). 

• A spectral triple is called even if there exists a grading operator, i.e. a bounded 
self-adjoint operator T G B(H) such that: 

T 2 = ld H ; [r i7 r(a)]_ =0,Va € A; [T,D] + = 0, 

where [x, y]+ := xy + yx is the anticommutator of x, y. 
A spectral triple that is not even is called odd. 

• A spectral triple is regular if the function 

H x : 1 1— > exp(it\D\)x exp(— it\D\) 
is regular, i.e. E x G C°°(R,B(7i))0for every x G Q. D (A), where Q 

£Id(A) := span{7r(a )[-D, 7r(ai)]_ •■•[£>, 7r(a„)]_ | n G N, a , . . . , a„ G A} . 

• A spectral triple is n-dimensional iff there exists an integer n such that the Dixmier 
trace of |-D|~" is finite nonzero. 



15 We will of course deal later with the morphisms in section 1.1 

16 Sometimes A. is required to be closed under holomorphic functional calculus. 

1 7 As already noticed hy Conn es. this condition has to be weakened in the case of non-compact manifolds, 



cf. [ SLMVt |GGISV| , |Re2| , [Rc3]. 

1& This condition is equivalent to 7r(a), [D, n(a)] _ £ n^ =1 Dom(5 m , for all a £ A., where <5 is the 
derivation given by S(x) := [\D\,x] — . 

19 We assume that for n = £ N the term in the formula simply reduces to 7r(ao). 
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• A spectral triple is 6*-summable if exp(— tD 2 ) is a trace-class operator for every 
t > 0. 

• A spectral triple is real if there exists an antiunitary operator J : H — > H such that: 



[n(a), Jir(b*)J~ 



0, Va,beA; 



[ [D, 7r(a)]_, Jn(b*)J 1 ]_ = 0, Va, 6 G A, first order condition; 
J 2 = ±Id^; [J, £>]± = 0; and, only in the even case, [J, r]± = 0, 

where the choice of ± in the last three formulas depends on the "dimension" n of 
the spectral triple modulo 8 in accordance to the following table: 



n 





1 


2 


3 


4 


5 


6 


7 




+ 


+ 










+ 


+ 


[J,D} ± = 




+ 








+ 






[j,r]± = 






+ 








+ 





• A spectral triple is finite if Hoc ■— n^° =1 DomD fc is a finite projective .A-bimodule. 

• An rt-dimcnsional spectral triple is said to be orientable if there is a Hochschild 
cycle c = 2j=i a o ® a i ® " ' ® a « sucn that its "representation" on the Hilbert 

space H, ir(c) = ^j=i 7r ( a o^)[-^'' ^( a i )]- ' ' ' [A 7r(fln ^)]- is the grading operator 
in the even case or the identity operator in the odd casef^]. 

• A real spectral triple is said to satisfy Poincare duality if its fundamental class 
in the KR-homology of A <S> A° p induces (via Kasparov intersection product) an 
isomorphism between the K-theory K.(^l) and the K-homology K'(A) of A^ 

• A spectral triple will be called Abelian or commutative whenever A is Abelian. 

• Finally a spectral triple is irreducible if there is no non-trivial closed subspace in 
Ti that is invariant for tt(A), D, J, T. 

To every spectral triple (.A, TC, D) there is a naturally associated quasi-metric^] on the 
set of pure states 7(A), called Connes' distance and given for all pure states u>i,u>2 by: 

d D (uji, uj 2 ) := sup{\ui(x) - u 2 (x)\ | x e A, \\[D, n(x)]\\ < 1}. 

Theorem 3.4 (Connes). Given an orientable compact Riemannian spin m- dimensional 
differentiable manifold M , with a given complex spinor bundle S(M), a given spinorial 
charge conjugation Cm and a given volume form /im,^| define: 

20 In the following, in order to simplify the discussion, we will always refer to a "grading operator" T 
that actually coincides with the grading operator in the even case and that is by definition the identity 
operat or in the odd case. 

21 In RV1 ] some of the axioms are reformulated in a different form, in particular this condition is replaced 
by the requirement that the C*-module completion of Tioc is a Morita equivalence bimodule between (the 
norm completions of) A. and Q.£)(A). 

22 In general do can take the value +oo unless the spectral triple is irreducible. 

23 Remember that an orientable manifolds admits two different orientations and that, on a Riemannian 
manifold, the choice of an orientation canonically determines a volume form /ijj. Recall also ji[ that 
a spin manifold M admits several inequivalent spinor bundles and for every choice of a complex spinor 
bundle S(M) (whose isomorphism class define the spin c structure of M) there are inequivalent choices of 
spinorial charge conjugations Cm that define, up to bundle isomorphisms, the spin structure of M. 



9 



Am '■= C°°(M;C) the algebra of complex valued regular functions on the differen- 
tiable manifold M , 

TLm :=L (M; S(M)) the Hilbert space of "square integrable" sections of the given 
spinor bundle S(M) of the manifold M i.e. the completion of the space T°°(M; S(M)) 
of smooth sections of the spinor bundle S(M) equipped with the inner product given 
by {a | t) := J M (a(p) \ r(p)} p dfAM, where (\)p, with p 6 M, is the unique inner 
product on S P (M) compatible with the Clifford action and the Clifford product. 

Dm the Atiyah-Singer Dirac operator i.e. the closure of the operator that is ob- 
tained by "contracting" the unique spinorial covariant derivative V S ( M ) (induced 
on r°°(M; S(M)) by the Levi-Civita covariant derivative of M , see t FG\\ , Theo- 
rem 9.8]) with the Clifford multiplication; 

Jm the unique antilinear unitary extension Jm '■ Hm ~^ of the operator de- 

termined by the spinorial charge conjugation Cm by (Jm°~){p) '■= Cm{o~(jp)) for 
a e r°°(Af; S(M)) and p G M; 

Tm the unique unitary extension on TLm of the operator given by ffherwise grading 
on S P (M), withpe MJ3 

The data (Am, Hm, Dm) define an Abelian regular finite m-dimensional spectral triple that 
is real, with real structure Jm, orientable, with grading Tm, and that satisfies Poincare 
duality. 

Theorem 3.5 (Connes, Rennie-Varilly). Let (A,H,D) be an irreducible commutative real 
( with real structure J and grading T ) regular m-dimensional orientable finite spectral triple 
satisfying Poincare duality. The spectrum of (the norm closure of) A can be endowed, 
essentially in a unique way, with the structure of an m-dimensional connected compact 
spin Riemannian manifold M with an irreducible complex spinor bundle S(M), a charge 
conjugation Jm and a grading T M such that: A ~ C°°(M;C), H ~ L 2 (M,S(Mj), D ~ 
Dm, J — Jm, r ~ Tm ■ 

4-> A. Connes proved the previous theorem under the additional condition that A is 
already given as the algebra of smooth complex- valued functions over a differentiable 



manifold M, namely A = C°°(M; C), and conjectured [C9, Theorem 6, Remark (a)] 
the result for general commutative pre-C*-algebras A. 



A first proof of this last fact has been published by A. Rennie |Rel|; some gaps were 



pointed out in the original argument, but they have been satisfactorily fixed [Rc4| 



and a different revised proof appears in [RV1] (see also RV2]) under some additional 
technical conditions. 

As a consequence, there exists a one-to-one correspondence between unitary equiva- 
lence classes of spectral triples and connected compact oriented Riemannian spin manifolds 
up to spin-preserving isometric diffeomorphisms. 



Similar results are also available for spin c manifolds [C9, Theorem 6, Remark (e 



3.3 Examples. 

Of course, the most inspiring examples of spectral triples (starting from those arising 



from Riemannian spin-manifolds) are contained in A. Connes' book [CI] and an updated 



*The grading is actually the identity in odd dimension. 
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account of most of the available constructions is contained in A. Connes-M. Marcolli's 



lecture notes [CM1|. Here below we provide a short guide to some of the relevant literature: 



• Abelian spectral triples arising from the Atiyah-Singer Dirac Operator on Rieman- 
nian spin manifolds, A. Connes [CI], and classical compact homogeneous spaces, 



M. Rieffel [Ri3| 



Spectral triples for the non-commutative tori, A. Connes CI 



Discrete spectral triples, T. Krajewski [Kr|, M. Paschke-A. Sitarz [PS1] 



Spectral triples from Moyal planes (these are examples of "non -compact " triples), 
V. Gayral-J.M. Gracia-Bondia-B. Iochum-T. Schiiker-J. Varilly |GGISV |. 



• Examples of Non-commutative Lorentzian Spectral Triples (following the definition 
given by A. Strohmaier StrQ, W. D. Suijlckom 



Spectral Triples related to the Kronecker foliation (following the general construction 
by A. Connes-H. Moscovici JCMol ] of spectral triples associated to crossed product 
algebras related to foliations), R. Matthes-O. Richter-G. Rudolph [MRR|. 



• Dirac operators as multiplication by length functions on finitely generated discrete 
(amenable) groups, A. Connes [C7], M. Rieffel [Ril|. 



• _KT-cycles and (twisted) spectral triples arising from supersymmetric quantum field 
! !..>, ww,, \ T.,!iv, \ t ,,,!, ; ,,,,,,, i - i t* i y i i ,1, .-• it 01 JL02| D Kastler |K2| 



^J1,U,0 r"" JU " U i UJJ-^UIU,! "ii, i« "i«u'6 iiuiiiouir 

theories, A. Jaffe-A. Lesniewski-K. Ostcrwalder |JL01 
A. Connes pi, D. Goswami pog. 



Spectral triples associated to quantum groups (in some case it is necessary to modify 
the first order condition involving the Dirac operator, requiring it to hold only up 
to compact o p erator s ), P. C hakraborty-A. Pal [|ChPl| , |ChP2| , |ChP3| , phP4[ , |ChP5 



ChP6| , piP7t piP8| |ChP9[ , D. Goswami |Gol|, A. Connes |Cf 7L. Dabrowski 



G.Landi-A.Sitarz-W van S uijlekom- J. Varilly flDLSSVl| , pLSSV2| , J. Kustermans- 
G. Murphy-L. Tuset HKMT| , S. Neshveyev-L. Tuset 



•JTj ; and als o spe ctral triples as- 
sociated to homogeneus spaces of quantu m groups: L. Dabrowski |Da|, L. D abrowski- 
G. Landi-M. Paschke- A. Sitarz [ |DLPS|, F D'Andrea-L. Dabrowski jDD|, 
F. D'Andrea-L. Dabrows ki-G. L andi | DDL| , |^] (the latter is "twisted" according to 
A. Connes-H. Moscovici |CMo3| ). 



Non-commutative manifolds and instantons, A. Connes-G. Landi [CL|, L. Dabrowski 
G. Landi-T. Masuda |DLM| L. Dabro wski-G. Landi [^p, G. Landi [|Lan3| [Lan4| , 
G. Landi-W. van Suijlekom pSlj E||. 



Non-co mmutative spherical manifolds A. Connes-M. Dubois- Violette [CDV1, CDV2 
CDV3| . 



Spectral triples for some classes of fractal spaces, A. Connes [CI 



D. Guido-T. Isola |Gfl|, |Gl2j , pi3j ] , C. Antonescu-E. Christensen ]AC[, E. Christensen 
C. Ivan-M. Lapidus ]CIL|. 



Spectral Triples for AF C*-algebras, C. Antonescu-E. Christensen [AC] 
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Spectral triples in number theory: A. Conncs [Cl|, A. Connes-M. Marcolli |CM1|, 
R. Meyer [Me|; spectral triples from Arakelov Geometry, from Mumford curves and 
hyperbolic Riemann surfaces, C. Consani-M. Marco lli ]CoMl| , |CoM2j , poM3| , poM4| , 
G. Cornelissen-M. Marcolli-K. Reihani-A. Vdovina |CMRV| ], G. Cornelissen-M. Mar- 
colli [pMa|. 



A. Connes-M. Marcolli jCCMaJ, A. Connes-M. Marcolli fCMlj |CM2 | 



Spectral triples of the standard model in particle physics, A. Connes-J. Lott |CLo| 
J. Gracia-Bondia-J.Varilly |GV|], D. Kastler [ | K4|, p^5|, A . Con nes (C^, |C^, pT2| 
J. Barrett | Bar | , A. Ch amsedd ine-A. Connes [CCjj 



CC3|, A. Chamscddinc- 



3.4 Other Spectral Geometries. 

In the last few years several others variants and extensions of "spectral geometries" have 
been considered or proposed: 



Lorentzian spectral triples (A. Strohmaier [3ti|, M. Paschke-R. Verch [PV2]) and 
also M. Paschke-A. Sitarz iPsT 



Riemannian non-spin (S. Lord ||Lo|| ) 



Laplacian, Kahler (J. Frohlich-O. Grandjean-A. Recknagel jFGRlj |FGR2| , |FGR3 
FGR4fl ) , 



Following works by M. Breucr |Brl , Br2 | on Frcdholm modules on von Neu mann 



algebras, M-T. Bcnamcur-T. Fack BF] and more recently in a scries of papers [ CP 



CPS1| , |CPS2j , |CPRS1| , |CPRS2| , |CPRS3| , |CPRS4 |CRSS| , |BCPRSW| , |PaRl |CPR| , M 

T. Benameur-A. Carey-D. Pask-J. Phillips-A. Rennie-F. Sukochev-K. Wojciechowski 
(see also J. Kaad-R. Nest- A. Rennie [KNR]), have been trying to generalize the 
formalism of Connes' spectral triples when the algebra of bounded operators on the 
Hilbert space of the triple is replaced by a more general semifmite von Neumann 
algebra. 

S-» Although non-commutative differential geometry, following A. Connes, has been 
mainly developed in the axiomatic framework of spectral triples, that essentially 
generalize the structures available for the Atiyah-Singer theory of first order differ- 
ential elliptic operators of the Dirac type, it is very likely that suitable "spectral 
geometries" might be developed using operators of higher order (the Laplacian type 
being the first notable example). Since "topological obstructions" (such us non- 
orientability, non-spinoriality) are expected to survive essentially unaltered in the 
transition from the commutative to the non commutative world, these "higher-order 
non-commutative geometries" will deal with more general situations compared to 
usual spectral triples. In this direction we are developing]^] definitions in the hope 
to obtain Connes-Rennie type theorems also in these cases. 

S-> Apart from the "spectral approaches" to non-commutative geometry, more or less 
directly inspired by A. Connes' spectral triples, there are other lines of development 
that are worth investigating and whose "relation" with spectral triples is not yet 
clear: 



25 P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, Second Order Non-commutative Geometry, work in 
progress. 
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J.-L. Sauvageot [Eat] and F. Cipriani [CS] are developing a version of non- 
commutative geometry described by Hilbert C*-bimodules associated to a semi- 
group of completely positive contractions, an approach that is directly related to 
the analysis of the properties of the heat-kernel of the Laplacian on Riemannian 



manifolds (see N. Berline-E. Getzler-M. Vergnc pGV] ); 

M. Rieffcl [Ri2|, and along similar lines N. Weaver [Wei, We2|, have developed a 



theory of non-commutative compact metric spaces based on Lipschitz algebras. 
Following an idea of G. Parfionov-R. Zapatrin [PZ|, V. Moretti |Mo| has gen- 



eralized Connes' distance formula (using the D'Alembert operator) to the case 
of Lorentzian globally hyperbolic manifolds and has developed an approach to 
Lorentzian non-commutative geometry based on C*-algebras whose relations 
with Strohmaier's spectral triples is intriguing. 

In algebraic quan tum field theo ry (see section |5.3| ), S. Dop l ichcr - K. F reden- 
hagen J. Roberts flDFRlj , |DFR2| (and also S. Doplichcr |5o§ |5of, poij ) have 
developed a model of Poincare covariant quantum spacetime. 

O. Brattcli and collaborators 0, BR| and more recently M. Madore Ma 



have been approaching the definition of non-commutative differential geome- 
tries through modules of derivations over the algebra of "smooth functions" . 



see 



Strictly related to the previous approach there is a formidable literature 
for example S. Majid [Majl, Maj2fl ) on non-commutative geometry based on 
"quantum groups" structures (Hopf algebras). 

Most of the physics literature use the term non-commutative geometry to indi- 
cate non-commutative spaces obtained by a quantum "deformation" of a clas- 
sical commutative space. 



4 Categories in Non-Commutative Geometry. 

After the discussion of "objects" in non-commutative geometry, we now shift our attention 
to some very tentative definitions of morphism of non-commutative spaces and of categories 
of non-commutative spaces. 

In the first subsection we present morphisms of "spectral geometries" . We limit our 
discussion essentially to the case of morphisms of A. Connes' spectral triples, although we 
expect that similar notions might be developed also for other spectral geometries. 

In the second subsection we describe some other extremely important categories of 
"non-commutative spaces" that arise, at the "topological level" , from "variations on the 
theme" of Morita equivalence. 

Finally we indicate some direction of future research. 

4.1 Morphisms of Spectral Triples. 

Having described A. Connes spectral triples and somehow justified the fact that spec- 
tral triples are a possible definition for "non-commutative" compact finite-dimensional 
orientable Riemannian spin manifolds, our next goal here is to discuss definitions of "mor- 
phisms" between spectral triples and to construct categories of spectral triples. 

Even for spectral triples, there are actually several possible notions of morphism, ac- 
cording to the amount of "background structure" of the manifold that we would like to 
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see preserved:^] 

• the metric, globally (isometries), 

• the metric, locally (totally geodesic maps, in the differentiable case), 

• the Riemannian structure, 

• the differentiable structure, 



4.1.1 Totally-Geodesic-Spin Morphisms. 



This is the notion of morphism of spectral triples that we proposed in [BCL1|. 

Given two spectral triples (Aj,TCj, Dj), with j = 1,2, a morphism of spectral 
triples is a pair 



{A ly Wi,£>i) 



(0,*) 



{a 2 ,h 2 ,d 2 



where <f> '■ A\ — > A 2 is a *-morphism between the pre-C*-algebras Ai,A 2 and $ : Hi — > H 2 
is a bounded linear map in B(Tii,Ti 2 ) that "intertwines" the representations m,^ ^ an d 
the Dirac operators D%, D 2 : 



7T 2 ((j)(x)) O $ = $ O 7Ti(x), VxeAl, 

L> 2 o $ = $ o D 1 , 
i.e. such that the following diagrams commute for every x G A\ 



(4.1) 



-Di 

Wi 



o 
<I> 



n 2 
n 2 



Hi 

7Tl(x) 



o 



H 2 

■K 2 0<fi(x) 

n 2 



Of course, the intertwining relation between the Dirac operators makes sense only on the 
domain of D\. 

It is possible (in the case of even and/or real spectral triples) to require also commuta- 
tions between $ and the grading operators and/or the real structures. More specifically: 

a morphism of real spectral triples (Aj^jjDj, Jj), is a morphism of spectral 
triples, as above, such that <& also "intertwines" the real structure operators Ji,J 2 : 
J 2 o $ = $ o J 1 ; 

a morphism of even spectral triples (Aj,H.j,Dj,Tj), with j = 1,2, is a mor- 
phism of spectral triples, as above, such that $ also "intertwines" with the grading 
operators Ti, T 2 : T 2 o $ = $ o IY 

Clearly this definition of morphism contains as a special case the notion of (unitary) 
equivalence of spectral triples [FGV, pp. 485-486] and implies quite a strong relationship 
between the spectra of the Dirac operators of the two spectral triples. 

Loosely speaking, for cj> epi and $ coisometric (respectively mono and isometric), in the 
commutative caseQ, one expects such definition to become relevant only for maps that 

26 And also depending on the kind of topological properties that we would like to "attach" to our 
morphisms: orientation, spinoriality, . . . 

27 The details are developed in: P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, Non-commutative Totally 
Geodesic Submanifolds and Quotient Manifolds, in preparation. 
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"preserve the geodesic structures" (totally geodesic immersions and respectively totally 
geodesic submersions). Note that (already in the commutative case) these maps might 
not necessarily be metric isometries: totally geodesic maps are local isometries but not 
always global isometries (but we do not have a counterexample yet). 

Furthermore these morphisms depend, at least in some sense, on the spin structures:^ 
this "spinorial rigidity" (at least in the case of morphisms of real even spectral triples) 
requires that such morphisms between spectral triples of different dimensions might be 
possible only when the difference in dimension is a multiple of 8. 

It might be interesting to examine alternative sets of conditions on the pairs ((f), $) that 
allow for example to formalize the notion of "immersion" of a non-commutative manifold 
into another with arbitrary higher dimension, avoiding the requirements coming from 
the spinorial structures. Some preliminary considerations along similar lines have been 
independently proposed by A. Sitarz |sj in his habilitation thesis. There it was suggested 
that the appropriate morphisms satisfy some "graded intertwining relations" with the 
relevant operators, indicating the possibility to formalize suitable sign rules depending on 
the involved dimensions (modulo 8). We plan to elaborate on this topic elsewhere^]. 

4.1.2 Metric Morphisms. 

In jBCL2| we introduce the following notion of metric morphisms. Given two spectral 



triples (Aj,H.j,Dj), with j = 1, 2, denote by CP(Aj) the sets of pure states over (the norm 
closure of) Aj. A metric morphism of spectral triples 

(AuHuDi) ^ (A 2 ,H 2 ,D 2 ) 

is by definition a unital epimorphismpj <f> : A\ — > A 2 of pre-C*-algebras whose pull-back 
4>' : y(A 2 ) — » 7'(Ai) is an isometry, i.e. 

d Dl (0 , (wi),0 , (cj 2 )) = d D2 (uj ll uj 2 ), Vwi,cj 2 G y{A 2 )- 

This notion of morphism is "essentially blind" to the spin structures of the non- 
commutative manifolds (that in this case appears only as a necessary complication^]). 

4.1.3 Riemannian Morphisms. 

A less rigid notion of morphism of spectral triples (a definition that, for unitary maps, 



was introduced by R. Verch and M. Paschke [PV1|) consists of relaxing the "intertwining" 



condition (4.1) between $ and the Dirac operators, imposing only "intertwining relations" 
with the commutators of Dirac operators with elements of the algebras. In more detail: 
given two spectral triples (A j , Tij Dj ) , with j — 1,2, a Riemannian morphism of 
spectral triples is a pair 

(AuHuDj) ^> (A 2 ,H 2 ,D 2 ), 

28 In the case of morphisms of even real spectral triples, the map should preserve in the strongest possible 
sense the spin and orientation structures of the manifolds (whatever this might mean). 

29 P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, Morphism of Spectral Triples and Spin Manifolds, work 
in progress. 

30 Note that if (f> is an epimorphism, its pull-back <f>' maps pure states into pure states. 
31 Since it is possible to define functional distances using also Laplacian operators, we expect this notion 
to continue to make sense once a suitable notion of "Laplacian non-commutative manifold" is developed. 
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where 4> ■ A\ — ► A2 is a *-morphism between the pre- C* -algebras A\,Ai and $ : Tii — > H2 
is a bounded linear map in B(TL\ , W2) that "intertwines" the representations ~k\ 1 ~ki°4 > an d 
the commutators of the Dirac operators D\, D2 with the elements x £ A\ 1 4>{x) S 

7T 2 (</>(x)) O $ = $ O 7Ti(x), Vx G Ax, 

[D2,<p(x)]o$ = <f>o[D 1 ,x\, VxeAt, 
i.e. such that the following diagrams commute for every x G A\\ 



[Di,x] 



a 



■ H2 Hi 

[D^{x)\ m(x) 

■ H-2 Hi 



O 



H 2 

7r 2 o^>(2;) 

^2 



Hi 

Again the intertwining relation containing the Dirac operators makes sense only on the 
relevant domain. 

In the commutative case, when <j) is epi and $ is coisometric (respectively mono and 
isometric) , this definition is expected to correspond to the Riemannian isometries (respec- 
tively coisometries) of compact finite-dimensional orientable Riemannian spin manifolds. 

S-» These notions of morphism of spectral triples are only tentative and more examples 
need to be tested. As pointed out by A. Rennie, it is likely that the "correct" defini- 
tion of morphism will evolve, but it will surely reflect the basic structure suggested 
here. At the "topological level" pair of maps ((f), $) that intertwine the actions of the 
algebras on the respective Hilbert spaces (but not the Dirac operators or their com- 
mutators), have recently been used by P. Ivankov-N. Ivankov Q for the definition 
of finite covering (and fundamental group) of a spectral triple. 

4-> The several notions of morphism of spectral triples described above are not as general 
as possible. In a wider perspective^], a morphism of spectral triples (Aj,Hj, Dj), 
where j — 1,2, might be formalized as a "suitable" functor IF : —* A x -^t be- 

tween the categories of A 3 -modules, having "appropriate intertwining" proper- 

ties with the Dirac operators Dj. Now, under some "mild" hypothesis, by Eilenberg- 
Gabriel-Watt theorem, any such functor is given by "tensorization" by a bimod- 
ule. These bimodules, suitably equipped with spectral data (as in the case of spec- 
tral triples), provide the natural setting for a general theory of morphisms of non- 
commutative spaces. 



4.1.4 Morita Morphisms. 

In the previous subsections we described in some detail some proposed notions of morphism 
of "non-commutative spaces" (described as spectral triples) at the "metric" level. A few 
other discussions of non-commutative geometry in a suitable categorical framework, have 
already appeared in the literature in a more or less explicit form. Most of them deal 
essentially with morphisms at the "topological level" and are making use of the notion of 
Morita equivalence that we are going to introduce. 

Definition 4.1. Two unital C* -algebras A, H are said to be strongly Morita equivalent 

if there exists an imprimitivity bimodule a.X%. 

32 P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, Categories of Spectral Triples and Morita Equivalence, 
in preparation. 
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It is a standard procedure in algebraic geometry, to define "spaces" dually by their 
"spectra" i.e. by the categories of (equivalence classes of) representations of their algebras. 
Hence, for a given unital C*-algebra A, we consider its category of (isomorphism 
classes of) left C*-Hilbert ^.-modules with morphisms given by (equivalence classes of) 
yi-lincar module maps. 

Morphisms between these "non-commutative spectra" are given by covariant functors 
between the categories of modules] 33 ] 

The Eilenberg-Gabriel-Watt theorem assures that under suitable conditions every func- 
tor $ : coincides "up to a natural equivalence" with the functor given by left 
tensorization with a C*-Hilbert ./l-'B-bimodule -zXj\ (with X unique up to isomorphism 
of bimodules) i.e.: 

$( A E) ~ t,X a ® A E. 

Y. Manin Q has been advocating the use of such "Morita morphisms" (tensorizations 
with Hilbert C*-bimodules) as the natural notion of morphism of non-commutative spaces. 



In [C2, C3, C4\ A. Connes already discussed how to transfer a given Dirac operator using 
Morita equivalence bimodules and compatible connections on them, thus leading to the 
concept of "inner deformations" of a spectral geometry underlying the "transformation 
rule" D = D + A + J A J -1 (where A denotes the "connection"). In our preprint^], we try 
to define a strictly related category of spectral triples, based on the notions of connection 
on a Morita morphism, that contains "inner deformations" as isomorphisms. 

More specifically, given two spectral triples {Aj,7ij, Dj), with j — 1,2, by a Morita- 
Connes morphism of spectral triples, we mean a pair (X, V) where X is Morita morphism 
from Ai to A2 i.e. an .Ai-.A2-bimodule that is a Hilbert C*-module over Ai and V is 
a Riemannian connection on the bimodule X (the Dirac operators are related to the 
connection V by the "inner deformation" formula). The composition of two Morita- 
Connes morphisms (X , V 1 ) and (X 2 , V 2 ) is defined by taking the tensor product X 3 := 
X 2 ®a x X 1 of the bimodules and taking the connection V 3 on X given by: 

V 3 (£i ® 6)(M := £1 ® (V 2 6)(M + (V x a)(6 ® h 3 ). 



In a remarkable recent paper, A. Connes-C. Consani-M. Marcolli CCM | have been 
pushing even further the notion of "Morita morphism" defining morphisms between two 
algebras A, 23 as "homotopy classes" of bimodules in G. Kasparov KK-theory KK(A, 23). 
In this way, every morphism is determined by a bimodule that is further equipped with 
additional structure (Fredholm module). 



In the same paper CCM|, A. Connes and collaborators provide ground for consid- 
ering "cyclic cohomology" as an "absolute cohomology of non-commutative motives" 
and the category of modules over the "cyclic category" (already defined by A. Connes- 



H. Moscovici | CMo2[ ) as a "non-commutative motivic cohomology" 



S-> All the notions of categories of non-commutative spaces developed from the notion 
of Morita morphism, seem to be confined to the topological setting. Morita equiva- 
lence in itself is a non-commutative "topological" notion. It is widely believed that 
Morita equivalent algebras should be considered as describing the "same" space. This 
comes from the fact that most of the "geometric functors" for commutative spaces 



'This kind of "ideology" about categories of "non-commutative spectra" is very f ashionable i n "non- 



commutative algebraic geometry" (see for example M. Kontsevich and A. Rosenberg |KR1 

34 P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, Categories of Spectral Triples and Morita Equiva 
in preparation 



1 Equivale) 



encc, 
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when suitably extended to the non-commutative case are invariant under Morita 
equivalences (because Morita equivalence reduces to isomorphism for commutative 
algebras). Anyway, most of the success of Connes' non-commutative geometry ac- 
tually comes from the fact that some commutative algebras are replaced with some 
other Morita equivalent non-commutative algebras that are able to describe in a 
much better way the geometry of the "singular space" . 

In a more direct way, it seems that the correct way to associate a C*-algebra to 
a space, requires the direct input of the natural symmetries of the space (hence 
Morita equivalence is broken). Along these lines we have some work in progress on 
non-commutative Klein program^]. 

Although the formalization of the notion of morphism as a bimodule is probably 
here to stay, additional structures on the bimodule will be required to account for 
different level of "rigidity" (metric, Riemannian, differential, . . . ) and some of these, 
are probably going to break Morita equivariance as long as non-topological properties 
are concerned. 

9-+ Finally we note that we have not been discussing here the role of quantum groups 
as possible symmetries of spectral triples (see for example the recent paper by 
D. Goswami [Go3| discussing quantum isometries of spectral triples). 



4.2 Categorification (Topological Level). 



Categorification is the term, introduced by L. Crane-D. Yetter [CY], to denote the generic 
process to substitute ordinary algebraic structures with categorical counterparts. The 
term is now mostly used to denote a wide area of research (see J. Baez - J. Dolan [BD2|) 



whose purpose is to use higher order categories to define categorial analogs of algebraic 
structures. This vertical categorification^] is usually done by promoting sets to cat- 
egories, functions to functors, . . . hence replacing a category with a bi-category and so 
on. In non-commutative geometry, where usually spaces are defined "dually" by "spectra" 
i.e. categories of representations of their algebras of functions, this is a kind of compul- 
sory step: morphisms of non-commutative spaces are actually particular functors between 
"spectra" . In this sense, non-commutative geometry (and also ordinary commutative al- 
gebraic geometry of schemes) is already a kind of vertical categorification. 

There are also more "trivial" forms of horizontal categorification in which ordinary 
algebraic associative structures are interpreted as categories with only one object and 
suitable analog categories with more than one object are defined. In this case the passage 
is from endomorphisms of a single object to morphisms between different objects^ 



Monoids 


Small Categories (Monoidoids) 


Groups 


Groupoids 


Associative Unital Rings 


Ringoids 


Associative Unital Algebras 


Algebroids 


Unital C*-algebras 


C*-categories (C*-algebroids) 



35 P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, Non-commutative Klein-Cartan Program, work in 
progress. 

36 In general a n-category get replaced with a n + 1-category, increasing the "depth" of the available 
morphisms, hence the terminology "vertical" adopted here. 

37 Hence the name "horizontal", adopted here, that implies that no jump in the "depth" of morphisms 
prefers to use the term oidization for this case. 



is required. J. Baez 
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It is an extremely interesting future topic of investigation to discuss the interplay 
between ideas of categorification and non-commutative geometry . . . here we are really 
only at the beginning of a long journey and we can present only a few ideas. ^| 

4.2.1 Horizontal Categorification of Gel'fand Duality. 

As a first step in the development of a "categorical non-commutative geometry" , we have 



been looking at a possible "horizontal categorification" of Gel'fand duality (theorem 3.1). 
In practice, the purpose is: 

• to find "suitable embedding functors" F : — > 2? and G : s/ 1 -- 1 ^ — > stf of the 
categories (of compact Hausdorff topological spaces) and s/^ (of unital com- 
mutative C*-algebras) into two categories 2T and s/ ; 

• to extend the categorical duality (rW,S") between and s/^- 1 ' provided by 
Gel'fand theorem, to a categorical duality between & and si in such a way that the 
following diagrams are commutative up to natural isomorphisms 77, £: 

^(D^ — ^ — ^(D FoE (D^L^ SoG; 



F 



-(i) 



sr sf, g o r« r o f. 

Since s/ 1 - 1 ^ is a full subcategory of the category of C*-algebras, we identify the hori- 
zontal categorification of s/^- 1 ' as a subcategory of the category of small C*-categories. 



In [BCL3], in the setting of C*-categories, we provide a definition of "spectrum" of 
a commutative full C*-category as a one dimensional saturated unital Fell-bundle over 
a suitable groupoid (equivalence relation) and we prove a categorical Gel'fand duality 
theorem generalizing the usual Gel'fand duality between the categories of Abelian C*- 
algebras and compact Hausdorff spaces. 

As a byproduct, we also obtain the following spectral theorem for imprimitivity bi- 
modules over Abelian C*-algebras: every such bimodulc is obtained by "twisting" (by the 
2 projection homeomorphisms) the symmetric bimodulc of sections of a unique Hcrmitian 
line bundle over the graph of a unique homcomorphism between the spectra of the two 
C* -algebras. 

Theorem 4.2 (P. Bertozzini-R. Conti-W. Lewkeeratiyutkul) . Given an imprimitivity 
Hilbert C* -bimodule aM^ over the Abelian unital C* -algebras .A, 23, there exists a canon- 
ical homeomorphismf^\ Rba '■ Sp(A) — ► Sp(23) and a Hermitian line bundle E over Rba 
such that aM-b is isomorphic to the (left/right) "twisting of the symmetric bimod- 
ule T(Rba', E)c(r ba -c) of sections of the bundle E by the two "pull-back" isomorphisms 
tt a ;A^C{Rba;<£),tt b :'B^C{R ba ;C). 

°r> This reconstruction theorem for imprimitivity bimodules is actually only the start- 
ing point for the development of a complete "bivariant" version of Serre-Swan and 



Other approaches to the abstr a ct co ncept of "categorification" have turned out to be useful in the 



theory of knots and links, sec [Kill 



_, l Kh2 [ - 

39 Rba is a compact Hausdorff subspace of Sp(.A) X Sp(3) homeomorphic to Sp(A) (resp. Sp(23)) via 
the projections it a ■ Rba — * Sp(-A) (resp. ttb '■ Rba — > Sp(25)). 

40 If M is a left module over C and <f> : A — » C is an isomorphism, the left twisting of M by <f> is the 



module over A defined by a ■ x := cj>(a)x for a £ A and x £ M. 
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Takahashi's dualities. In this case we will generalize the previous spectral theorem 
to (classes of) bimodules over commutative unital C*-algebras that are more general 
than imprimitivity bimodules; furthermore the appropriate notion of morphism will 
be introduced in order to get a categorical duality. We plan to return to this subject 
elsewhere^]. 



A C*-category GLR , Mil] is a category 6 such that the sets Gab '■= Home (B, -A) 
are complex Banach spaces and the compositions are bilinear maps, there is an involutivc 
antilinear contravariant functor * : Home — * Home acting identically on the objects such 
that x*x is a positive element in the ^-algebra Gaa for every x G Gba (that is, x*x — y*y 
for some y e G A a), \\xy\\ < \\x\\ ■ \\y\\, Vx G G A b, V G Csc, ||a;*a;|| = ||x|| 2 , Vx g <Z BA . 

In a C*-category C, the sets Gaa := Home (A, A) are unital C*-algebras for all A G Obe- 
The sets Cab '■= Home(-B,^4) have a natural structure of unital Hilbert C*-bimodule on 
the C*-algebras Gaa on the right and Gbb on the left. 

A C*-category is commutative if the C*-algebras Gaa are Abelian for all A G Obe. 
The C*-category 6 is full if all the bimodules Cab are fullfj^]. A basic example is the 
C*-category of linear bounded maps between Hilbert spaces. 

A Banach bundle is a C-vector bundle (E,p,X), such that each fiber E x :— p^ 1 {x) 
is a Banach space for all x G X in such a way that the maps x <— * ||cr(x)|| are continuous 
for every section a G T(X;E). 

If the topological space X is equipped with the algebraic structure of category (let X° 
be the set of its units, r,s : X — ► X° its range and source maps and X n := {(x%, . . . , x n ) G 
x™ =1 X | s(xj) — r(xj+x)} its set of n-composable morphisms), we further require that 
the composition o : X 2 — > X is a continuous map. 

If X is an involutive category i.e. there is a map * : X — » X with the properties 
(x*)* — x and (x o y)* — y* o x* , for all [x, y) G X 2 , we also require * to be continuous. 



A Fell bundle ]FD| , p^rj , BCL3] over the (involutive) category X is a Banach bundle 



(E,p,X) whose total space E is equipped with a multiplication defined on the set E 2 :— 
{( e :f) I (p( e ):P(/)) £ ^ 2 }: denoted by (e, /) h- > ef, and an involution * : E — > E such 
that 

e(fg) = (ef)g, V(p(e),p(f),p(g)) E X 3 , 
p(ef)=p(e)op(f), VeJeE 2 , 

Vx, y G X 2 , the restriction of (e, /) i— > ef to E x x E y is bilinear, 
||e/||< ||e||- H/ll, VeJeE 2 , 
(e*)* = e, Ve G B, 
p(e*) =p(e)*,Ve G E, 

Vx G X, the restriction of e i— > e* to E x is conjugate linear, 
(ef)* = f*e*, VeJeE 2 , 
\\e*e\\ = ||e|| 2 , Ve €E £7, 
e*e > 0, Ve G E, 

where, in the last line we mean that e*e is a positive element in the C*-algebra E x with 
x = p(e*e). 



41 P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, Bivariant Serre-Swan Duality, in preparation. 

42 In this case Cab are imprimitivity bimodules. 
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It is in fact easy to see that for every x <E X°, E x is a C*-algebra. A Fell bundle 
(E,p,X) is said to be unital if the C*-algebras E x , for x € X°, are unital. Note that 
the fiber E x has a natural structure of Hilbert C*-bimodule over the C*-algebras E r ^ 
on the left and E s ^ on the right. A Fell bundle is said to be saturated if the above 
Hilbert C*-bimodules E x are full. Note also that in a saturated Fell bundle, the Hilbert 
C*-bimodules E x are imprimitivity bimodules. 

Let O be a set and X a compact Hausdorff topological space. We denote by 'Rq '■= 
{(A, B) \ A,B e 0} the "total" equivalence relation in and by A x := {{p,p) \ p E X} 
the "diagonal" equivalence relation in X. 

Definition 4.3. A topological spaceoid (£,7r, X) is a saturated unital rank-one Fell 
bundle over the product involutive topological category X := Ax x 3^e>- 

Let (£j,irj, Xj), for j = 1, 2, be two spaceoids^ 

Definition 4.4. A morphism of spaceoids (£i,7Ti,Xi) — : — ► (£-2, ^27X2) is a pair (f,!F) 
where 

• f :— (/a, /ft) with /a : Ai — > A2 a continuous map of topological spaces and 
/:r : 3£i — > 3^2 an isomorphism of equivalence relations; 

• T : f*(&2) — > £1 is a fiberwise linear ^-functor such that n\ o 3" = {^2), where 
(/*(£2)> 7i"2 j Xi) denotes an f -pull-back of (£2, 7r2, X2). 

Topological spaceoids constitute a category if composition is defined by 

{g,Q)°(f,f) ■■= {gof,Tof'{Q)) 

with identities given by 
t(£,7r, X) := (tx^e)- 

Note that f*(g'(£>3)) is naturally a (g o /)-pull-back of (£3, ir^, X3) and that (£, ir, X) is a 
natural ix-pull-back of itself. 

The category S?^ 1 of continuous maps between compact Hausdorff spaces can be nat- 
urally identified with the full subcategory of the category & of spaceoids with index set 
containing a single element. 

To every object X G Ob^m we associate the trivial C-line bundle Xx x C over the 
involutive category Xx ■= Ax x 3?o x with Ox := {X} the one point set. 

To every continuous map / : X — ► Y in ff'^ 1 ' we associate the morphism (g, Q) with 
0a(p,p) ~ (/(p),/(p)), ffft : (A, X) ~ (Y, Y) and Q := tXx xc- 

Note that the trivial bundle over Xx is naturally a /-bull-back of the trivial bundle 
over Xy hence Q can be taken as the identity map. 

Let C and D be two full commutative small C*-categories (with the same cardinality 
of the set of objects). Denote by C and T) their sets of identities. 

43 Where Xj = x ^Oj > with Oj sets and Xj compact Hausdorff topological spaces for j = 1, 2. 
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A morphism $ : G — > D is an object bijective *-functor, i.e. a map such that 

${x + y) = $(x) + $(y), Vx, y g e AB , 
$(a • x) = a • $(x), Vx e 6, Va G C, 
$(x o y) = $(x) o $(y), Vx G Ccb, 2/ G G B A 
$(x*)=$(x)*, VzgCab, 

$(0 g d , vt g e OJ 

$o := 3>|e„ : Co — > D D is bijective. 

To every spaceoid (£, n, X), with X := Ax x !#e>, we can associate a full commutative 
C*-category T(£) as follows: 

. Ob r(£) := 0; 

• MA, B G Ob r(£) , Hom r(£) (B, A) := T(A X x {(A, S)}; £), with T(A X x {(A, B)}; £) 
denoting the set of continuous sections a : Ax x {(A, B)} — > £, <r : pas o-^ b g 
£ Pab of the restriction of £ to the base space Ax x {(A, B)} C X; 

• for all a G Hom r (£)( J 4, B) and p G Hom r (g)(B, C): 

p o a : p AC 1- (p o := ^ B o of c , 

Hall := sup ||af B || £ , 
peA x 

with operations taken in the total space £ of the Fell bundle. 

We extend now the definition of T to the morphism of & in order to obtain a con- 
travariant functor. 

Let (/, !F) be a morphism in from (£i,7i"i,Xi) to (£2,712, X2). 

Given a G r(£ 2 ), we consider the unique section f'(o) : Xi — ► f'{£-2) such that 
J 71 " 2 o /*(cr) = a o f and the composition o f'(<r). 
In this way we get a map 

r (/ ^ } : T(£ 2 ) - r(£i), r tffl : ff Hfo/», Vo-Gr(£ 2 ). 

Proposition 4.5. For any morphism (£1, tti, Xi) — : — > (£2,tt2,X 2 ) in 3T , the map 
T^j- jT) : r(£2) — > r(£i) is a morphism in srf ' . 

The pair of maps T : (£,7r, X) 1— > T(£) and T : (/, J 7 ) 1— > gwes a contravariant 

functor from the category £? of spaceoids to the category srf of small full commutative 
C* -categories. 

We proceed to associate to every commutative full C*-category G its spectral spaceoid 
E(6) := (£ e ,7r e ,X e ). 

• The set [6; C] of C-valued *-functors ui : G — > C, with the weakest topology making 
all evaluations continuous, is a compact Hausdorff topological space. 

• By definition two *-functors u)i,u)2 G [C; C] are unitarily equivalent if there exists 
a "unitary" natural trasformation A 1— > v A G T between them. This is true iff 
u\\e AA = I g aa f° r au A G Ob e . 
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• Let Sp h (C) := {[u>] | u G [C;C]} denote the base spectrum of C, defined as the set 
of unitary equivalence classes of *-functors in [C; C]. It is a compact Hausdorff space 
with the quotient topology induced by the map u i— » [u]. 

• Let X e := A e x S e be the direct product topological ^-category of the compact 
Hausdorff ^-category A e := A Spb ( e ) and the topologically discrete ^-category 3l e := 
G/G ~ &ob e • 

• For u> G [C;C], the set 3^ :— {x G 6 w(x) = 0} is an ideal in G and J Wl = 3 U2 if 
[wi] = [w 2 ]. 

• Denoting [oj]ab the point ([u], (A,Bj) G X e , we define: 



" M ' 4B MasGXE 

Proposition 4.6. TTie map 7r e : £ e — > X e , t/iat ,se«<is an element e G £[L] AB to ^ e 
pom£ [w]ab £ X e has a natural structure of unital saturated rank one Fell bundle over the 
topological involutive category X e . 

Let $ : G — > CD be an object-bijective *-functor between two small commutative full 
C*-categories with spaceoids £(6), E(D) 6 

We define a morphism E* : E(X>) (A ' A ) > E(C) in the category 3^: 

. A* : X D (A£ ' A|) . X e where 

XUAB) := for all {A,B) G ft b B ; 

A|(M) := [w o $] e A Spb(e) , for all [u] £ A Spfc(a ,). 

• The bundle 1+Jr , gXD 5 — 2 with the maps 

tt* : (Mas, x + 3 A *(M AB )) ^ Mas £ X s , z g e A * (AB) , 

: ([w]ab, a: + J a . (Mab) ) ~ (\*([uj]ab),x + 3 x * {Mab) ) 6 £ e 
is a A*-pull-back (A*)'(£ e ) of the Fell bundle (£ e ,7r e ,X e ). 

• Since <J>(Ja*(M ab )) C 3^} ab for [u]^ G X 23 , we can define a map 

A* : (A*)'(£ e ) - £ D by ([ W ] AB , a; + J a . (Mab) ) ~ {[w]ab, *{x) + 3 [u]ab ) . 

Proposition 4.7. For any morphism G — ► D in srf ', the map E(CD) ► E(C) is a mor- 
phism of spectral spaceoids. The pair of maps S : C h E(6) and E : $ E* give a 
contravariant functor E : srf — > ,5^, /rom i/ie category stf of object-bijective ^-functors 
between small commutative full C* -categories to the category of spaceoids. 

We can now state our main duality theorem for commutative full C*-categories: 

Theorem 4.8 (P. Bcrtozzini-R.Conti-W. Lewkeeratiyutkul). There exists a duality (T, E) 
between the category J? of object-bijective morphisms between spaceoids and the category 
srf of object-bijective ^-functors between small commutative full C* -categories, where 

• T is the functor that to every spaceoid (£, n, X) G Ob^r associates the small commu- 
tative full C* -category T(£) and that to every morphism between spaceoids (/, -F) : 
(£i,7Ti,Xi) — > (£2,7i"2,X2) associates the *-functorTtf py, 
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• £ is the functor that to every small commutative full C* -category 6 associates its 
spectral spaceoid E(C) and that to every object-bijective *-functor $ : C — > D of 
C* -categories in associates the morphism : — > S(C) between spaceoids. 

The natural isomorphism : — > ToE is provided by the horizontally categorified 
Gel'fand transforms © e : 6 -> r(E(C)) defined by 

©e : e -> T(£ e ), © e : a; h-» i where 

*[tf~^ + ^U B , Va; e Cab. 

Proposition 4.9. TTie functor Y : 3~ si is representative i.e. given a commutative 
full C* -category C, i/ie Gel'fand transform ©e : C — > r(£(C)) is a /uii isometric (hence 
faithful) * -functor. 

The natural isomorphism € : — > EcT is provided by the horizontally categorified 
"evaluation" transforms <Be : (£,7r, X) — — -> E(r(£)), defined as follows: 
. r&(A,B) :=(A,B), V(A,B)eR . 

• Va '■ P ^ [7 oev p] e Ax, where the evaluation map ev p : T(£) — * W(ab) 

given by ev p : a \— » cr^ 15 is a *-functor with values in a one dimensional C*-category 
that determines^] a unique point [7 o ev p ] <E Ag p (r(£))- 

• l±lp AB ex ^(^)t/ £ (ab)/-'j) £ (pab) wnen equipped with the natural projection (p^s, a + 
V(pab)) ^ Pab, and with the £ r ( £ )-valued map (p AB , a+3 7] E {pab) ) >-> o'+Vcmb)' 
is a ^-pull-back (?7 £ )'(£ r ( £ )) of S(r(£)). 



fl £ : (?7 £ )'(£ r ( £ )) -» £ is defined by 

J r; £ (pab) 

In particular, with such definitions we can prove: 



^ £ : (PAB, o- + l n e.i PAB )) >-> o-p B , Vcr e T(£) AB , p AB G X. 



Proposition 4.10. The functor Y< is representative i.e. given a spaceoid 

(£,7r, X), the evaluation transform (£g : (£,7r, X) — > £(r(£)) is an isomorphism in the 
category of spaceoids. 

We are now working on a number of generalizations and extensions of our horizontal 
categorified Gel'fand duality: 

The first immediate possibility is to extend Gel'fand duality to include the case of 
categories of general *-functors between full commutative C*-categories. This will 



necessarily require the consideration of categories of *-relators (see [BCLlQ between 
C*-categories. 

9-+ Our duality theorem is for now limited to the case of full commutative C*-categories 
and further work is necessary in order to extend the result to a Gel'fand duality for 
non-full C*-categories. 

9-» Very interesting is the possibility to generalize our duality to a full spectral theory 
for non-commutative C*-categories in term of endofunctors in the category of Fell 
bundles. In particular we would like to explore if our approach will allow to devel- 



ope categorifications of Dauns-Hofmann [ DH | and Cirelli-Mania-Pizzocchero | CMP 



spectral theorems for general non-commutative C*-algebras. 



44 There is always a C valued *-functor 7 : ^(AB)sX &pab ~ * C anc ^ an y two compositions of ev p with 
such *-functors are unitarily equivalent because they coincide on the diagonal C*-algebras £ PAA . 
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S-» In the same order of ideas, motivated by a general spectral theory for C*-categories, 
it is worth investigating in the non-commutative case the connection between C*- 
categories, spectral spaceoids and categorified notions of (locale) quantale already 
developed for (commutative) C*-algebras (see D. Kruml-J. Pelletier-P. Resende- 
J. Rosicky ]KPRR| ], D. Kruml-R Resende jKrR| P. Rcsendc pest , L. Crane pr2| 



and references therein for details). 

S-» The existence of a horizontal categorified Gel'fand transform might be relevant for 
the study of harmonic analysis on commutative groupoids. In this direction it is 
natural to investigate the implications for a Pontrjagin duality for commutative 
groupoids and later, in a fully non-commutative context, the relations with the 
theory of C*-pseudo-multiplicative unitaries that has been recently developed by 



T. Timmermann [Til, Ti2] 



S-> Extremely intriguing for its possible physical implications in algebraic quantum field 
theory is the appearance of a natural "local gauge structure" on the spectra: the 
spectrum is no more just a (topological) space, but a special fiber bundle. Possible 
relations with the work of E. Vassclli |Va[ on continous fields of C*-categories in the 
theory of superselection sectors and especially with the recent work on net bundles 



and gauge theory by J. Roberts-G. Ruzzi-E. Vassclli [ RRV ] remain to be explored 



4.2.2 Higher C*-categories. 

In our last forthcoming work we proceed to further extend t he cat egorification process 



of Gel'fand duality theorem to a full "vertical categorification" | Bal |. 

For this purpose we first provide, via globular sets (see T. Leinster's book |Lefl ), a 
suitable definition of "strict" n-C*-category. 

In practice, without entering here in further technical details, a strict higher C*- 
category C (or more generally a higher Fell bundle over a higher ^-category X) , is provided 
by a strict higher *-category C fibered over a strict higher ^-category X whose compositions 
and involutions satisfy, fiberwise at all levels, "appropriate versions" of all the properties 
listed in the definition of a Fell bundle. 

In the special case of commutative full strict n-C*-categories, we develope a spectral 
Gel'fand theorem in term of n-spaceoids i.e. rank-one n-C*-Fell bundles over a "particular" 
?i-*-category (that is given by the direct product of the diagonal equivalence relation of a 
compact Hausdorff space and the quotient n-*-category C/C of an n-C*-category 6). 

S-> Unfortunately our definition is for now limited to the case of strict higher C*- 
categories. Of course, as always the case in higher category theory, an even more 
interesting problem will be the characterization of suitable axioms for "weak higher 
C*-categories" . This is one of the main obstacles in the development of a full cat- 
egorification of the notion of spectral triple and of A. Connes non-commutative 
geometry. 

S-> Note that several examples and definitions of 2-C*-categories are already available 



in the literature (see for example R. Longo-J. Roberts |LR[| and P. Zito |ZJ). In 
general such cases will not exactly fit with the strict version of our axioms for n-C*- 
categories. Actually we expect to have a complete hierarchy of definitions of higher 
C*-categories depending on the "depth" at which some axioms are required to be 



45 P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, N. Suthichitranont, Higher C*-ategories and Categori- 
fication of Gel'fand Theory, in preparation. 
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satisfied (i.e. some properties can be required to hold only for p-arrows with p higher 
that a certain depth). 

R-> In our work, we define (Hilbert C*) modules over strict n-C*-categories and in this 
way we can provide interesting definitions of n-Hilbert spaces and start a develop- 
ment of "higher functional analysis" . 



4.3 Categorical Non-commutative Geometry and 
Non-commutative Topoi. 

One of the main goals of our investigation is to discuss the interplay between ideas of 
categorification and non-commutative geometry. Here there is still much to be done and 
we can present only a few suggestions. Work is in progress. 

S-> Every isomorphism class of a full commutative C*-category can be identified with an 
equivalence relation in the Picard-Morita 1-category of Abelian unital C*-algebras. 
In practice a C*-category is just a "strict implementation" of an equivalence relation 
subcategory of Picard-Morita. 

Since morphism of spectral triples (more generally morphisms of non-commutative 
spaces) are essentially "special cases" of Morita morphisms, we started the study of 
"spectral triples over C*-categories" and we are now trying to develop a notion of 
horizontal categorification of spectral triples (and of other spectral geometries) in 
order to identify a correct definition of morphism of spectral triples that supports a 
duality with a suitable spectrum (in the commutative case). 

The general picture that is emerging^] is that a correct notion of metric morphism 
between spectral triples is given by a kind of "bivariant version" of spectral triple 
i.e. a bimodule over two different algebras that is equipped with a left/right action 
of "Dirac-like" operators. 

S-* As a very first step in the direction of a full "higher non-commutative geometry"^ 
we plan to start the study of a strict version of "higher spectral triples" i.e. spectral 
triples over strict higher C*-categories. As in the case of horizontal categorification, 
this will provide some hints for a correct definition of "higher spectral triples" . 

9-> Although at the moment it is only a speculative idea, it is very interesting to ex- 
plore the possible relation between such "higher spectra" (higher spaceoids) and the 
notions of stacks and gerbes already used in higher gauge theory. The recent work 



by C. Daenzer [Dac] in the context of T-duality discuss a Pontryagin duality be- 
tween commutative principal bundles and gerbes that might be connected with our 
categorified GePfand transform for commutative C*-categories. 

S-> Extremely intriguing is the possible connection between the notions of (category 
of) spectral triples and A. Grothendieck topoi. Speculations in this d irect ion have 



been given by P. Cartier [Car] and are also discussed by A. Conncs CIO . A full 



46 P. Bertozzini-R. Conti-W. Lewkeeratiyutkul, Horizontal Categorification of Spectral Triples, in prepa- 
ration. 

47 On this topic the reader is strongly advis ed to read the interesting discussions on the "n-category 
cafe" 



http : //golem . ph . utexas . edu/category/ and in particular: U. Schreiber, Connes Spectral Geometry 



and the Standard Model II, 06 September 2006. 
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(categorical) notion of non-commutative space (non-commutative Klein program / 
non-commutative Grothendieck topos) is still waiting to be defined]^]. 

Actually some interesting proposal for a definition of a "quantum topos" is already 
available in the recent work by L. Crane |Cr2 based on the notion of "quantaloids" , a 
categorification of the notion of quantale (see P. Resende [ Res ] and references therein) . 



At this level of generality, it is important to emphasize that our discussion of non- 
commutative geometry has been essentially confined to the consideration of A. Connes' ap- 
proac h. In the fi eld of algebraic ge ometry (see V . Ginzburg Gi|, M. Kontsevich-Y. Soibel- 
man | KS1 , KS2 | and S. Mahanta [Mahl, Mah2] as recent references), many other people 
have been trying to propose definitions of non-commutative schemes and no n-co mmutative 
spaces (see for example A. Rosenberg Jr|] and M. Kontsevich-A. Rosenberg [KRQ as "spec- 
tra" of Abelian categories (or generalization of Abelian categories such as triangulated, 
dg, or Aoo categories). Since every Abelian category is essentially a category of modules, 
it is in fact usually assumed that an Abelian category should be considered as a topos of 
sheaves over a non-commutative space. 



It is worth noting that the categories naturally arising in the theory of self-adjoint 
operator algebras and in A. Connes' non-commutative geometry are *-monoidal cat- 
egories (see [ BCL3|| for detailed definitions). The monoidal property is perfectly in 
line with the recent proposal by T. Maszczyk [Mas| to construct a theory of algebraic 
non-commutative geometry based on Abelian categories equipped with a monoidal 
structure. 

At this point it is actually tempting (in our opinion) to think that also the involutive 
structures (and other properties strictly related to the existence of an involution 
including modular theorypf) are going to play some vital role in the correct definition 
of a non-commutative generalization of space. But this is still speculation in progress! 



Finally, there are strong indications (V. Dolgushev-D. Tamarkin-B. Tsygan DTT[| )p| 
coming again from "algebraic non-commutative geometry" that a proper categori- 
fication of non-commutative geometry might actually be possible only considering 
oo-categories. The implications for a program of categorification of A. Connes' spec- 
tral triples is not yet clear to us. 



5 Applications to Physics. 

In this final section we would like to spend some time to introduce (in a non-technical 
way) the mathematical readers to the consideration of some extremely important topics 
in quantum physics that are essentially motivating the construction of non-commutative 
spaces, the use of categorical ideas and the eventual merging of these two lines of thought. 

The two main subjects of our discussion, non-commutative geometry and category 
theory, have been separately used and applied in theoretical physics (although not as 
widely as we would have liked to see) and we are going to review here some of the main 
historical steps in these directions. 

Anyway, our feeling is that the most important input to physics will come from a kind 
of "combined" approach where non-commutative and categorical structures are applied in 



48 P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, Non-commutative Klein-Cartan Program, work in 



progress. 



5.5.1 



for some references. 



49 See section 

50 See also the very detailed discussion on the blog "n-category cafe": J. Baez, Infinitely Categorified 



Calculus, 09 February 2007. 
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a "synergic way" in an "algebraic theory of quantum gravity" (AQG). A concrete proposal 
in this direction is presented in section |5.5.2 . 



5.1 Categories in Physics. 

Category theory has been conceived as a tool to formalize basic structures (functors, nat- 
ural transformations) that are omnipresent in algebraic topology. Its level of abstraction 
has been an obstacle to its utilization even in the mathematics community and so it does 
not come as a surprise that fruitful applications to physics had to wait. 

Probably, the first to call for the usage of categorical methods in physics has been 
J. Roberts in the seventies. The joint work of S. Doplicher and J. Roberts |DR1, DR2] on 



the theory of superselection sectors in algebraic quantum field theory^] is one of the most 
eloquent examples of the power of category theory when applied to fundamental physics: 
giving a full explanation of the origin of compact gauge groups of the first kind and field 
algebras in quantum field theory and providing at the same time a general Tannaka-Krem 
duality theory for compact groups, where the dual of a compact group is given by a 
particular monoidal W*-category. Since then, monoidal ^-categories are a common topic 
of investigation in algebraic quantum field theory, where several people are still working 
on possible variants and extensions of superselection theoryQ.0 

The role of categories in physics, more recently, has been stressed also from completely 
different areas of research such as conformal field theory (G. Segal [pe[ ) and topological 
quantum field theory (M. Atiyah [At]). 



C. Isham has been the pioneer in suggesting to consider topoi as basic structures for 
the construction of alternative quantum theories in which ordinary set theoretic concepts 
(including real/complex numbers and classical two valued logic) are replaced by more 
general topo:- thcorHk- notions. Hi> research with J. BuUcrlicld |BI1. BI2. BW. BI4 



BH1| and more recently with A. Doring |DI1, DI2) , DI3, DI4] has polarized the 



attention towards a possible usage of topos theory in quantum mechanics Q and quantum 
gravity, an idea that has influenced many other authors working on quantum gravity. 



S. Abramsky-B. Coecke [AbC, Co| are developing a categorical axiomatization for 
quantum mechanics with intriguing links to knot theory and computer science [Abl, Ab2|. 



N. Landsman [Lai, La2, La3| in his study of quantization and of the relation between 
classical Poisson geometry and operator algebras of quantum systems, has been constantly 
exploiting techniques from category theory (groupoids, Morita equivalence). 

J. Bacz is no w the most prominent advoca te of t he usage of categorical methods (higher 
category theory jBajl BD1], categor ification [BD2]) in quantum physics and in particular 
in quantum gravity [Ba2, Ba3j , Ba4 [. 



A new em erging fiel d of "categorical quantum gravity" is developing (for an overview, 



see L. Crane |Crl , Cr2|). 



51 The texts by R. Haag ||, H. Araki 0, D. Kastler |ki) and the recent BBIM contain detailed 
introductions to superselection theory in algebraic quantum field theory. 

52 For a complete list of al l relevant papers and a recent "philos ophic al" overview of the subject see 
H. Halvorson-M. Miiger [HM| and also R. Brunetti-K. Fredenhagen [BrF . 

53 A large literature is of course available on monoidal categories and their application in the theory 
of "quantum groups" as well as many other different subjects, but we are interested here only in "basic 
physics" applications. 



'See the recent paper by C. Heunen-B. Spitters [HS 
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5.2 Categorical Covariance. 



Covariance of physical theories has been always discussed in the limited domain of groups 
acting on spaces. 

• Aristotles' physics is based on the covariance group ,503 (R) of rotations in R 3 that 
was the supposed symmetry group of a three dimensional vector space with the 
center of the Earth at the origin. 

• Galilei's relativity principle requires as covariance group the Galilei group, which is 
the ten parameters symmetry group of the Newtonian space-time (i.e. a family E t of 
three dimensional Euclidean spaces parametrized by elements t in a one dimensional 
Euclidean space T) generated by 3 space translations, 1 time translation, 3 rotations 
and 3 boosts. 

• Poincare covariance group consists of the semidirect product of Lorentz group C with 
the group of translations in R 4 and it is the symmetry group of the four dimensional 
Minkowski space (an affine four dimensional space modeled on R with metric of 
signature ( — h ++))• 

• Einstein covariance group is the group of diffeomorphisms of a four dimensional 
Lorentzian manifold (note that in this case the metric and the causal structure is 
not preserved). 

Different observers are "related" through transformations in the given covariance group. 



°r> There is no deep physical or operational reason to think that only groups (or quantum 
groups) might be the right mathematical structure to capture the "translation" 
between different observers and actually, in our opinion, categories provide a much 
more suitable environment in which also the discussion of "partial translations" 
between observers can be described. Work is in progress on these issues Q . 

The substitution of groups with categories (or graphs), as the basic covariance struc- 
ture of theories, should be a key ingredient for all the approaches based on deduction of 
physics from operationally founded principles of information theory (see C. Rovelli Ro3 

Gri3| ) and, in the context of quantum gravity, also for 



and A. Grinbaum [Gril, Gri2 



theories based on the formalism of quantum casual histories (see for example E. Hawkins- 
H. Sahlmann-F.Makopoulou pMS| and F. Markopoulou ]Mar3|l). 



As an example of the relevance of the idea of categorical covariance, we mention several 
new works by R. Brunetti-K. Fredenhagen-R. Verch [BFV|, R. Brunetti-G. Ruzzi [BrR 
and R. Bru nctti-M. Por rmann-G. Ruzzi [BPR| that, following the fundamental idea of 
J. Dimock | Diml , Dim2|] , aim at a generalization of H. Araki-R. Haag-D. Kastler alge- 
braic quantum field theory axiomatizationpl, that is suitable for an Einstein covariant 
background. Similar ideas are also used in the non-commutative versions of the axioms 



recently proposed by M. Paschke and R. Verch |PV1, PV2| 



55 See H. Araki's and R. Haag's books Ja| |h| and also K. Fredenhagen-K.-H. Rehren-H. Seller [ FR£ ] for 
a discussion and contextualization of algebraic quantum field theory. 
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5.3 Non-commutative Space-Time. 



There are three main reasons for the introduction of non-commutative space-time struc- 
tures in physics and for the deep interest developed by physicists for "non-commutative 
geometry" (not only A. Connes'one): 

• The awareness that quantum effects (Heisenberg uncertainty principle), coupled to 
the general relativistic effect of the energy-momentum tensor on the curvature of 
space-time (Einstein equation), entail that at very small scales the space-time man- 
ifold structure might be "unphysical" . 

• The belief that modification to the short scale structure of space-time might help 
to resolve the problems of "ultraviolet divergences" in quantum field theory (that 
arise, by Heisenberg uncertainty, from the arbitrary high momentum associated with 
arbitrary small length scales) and of "singularities" in general relativity. 

• The intuition that in order to include the remaining physical forces (nuclear and 
electromagnetic) in a "geometrization" program, going beyond the one realized for 
gravity by A. Einstein's general relativity, it might be necessary to make use of 
geometrical environments more sophisticated than those provided by usual Rieman- 
nian/Lorcntzian geometry. 

The first one to conjecture that, at small scales, space-time modeled by "manifolds" 
might not be an operationally defined concept was B. Riemann himself. A. Einstein imme- 
diately recognized the need to introduce "quantum" modifications to general relativity and 
M. Bronstein realized that the specific problems posed by a covariant quantization of gen- 
eral relativity were calling for a rejection of the usual space-time modeled via Riemannian 
geometry. Recently a more complete argument has been put forward by S. Doplicher- 
K. Fredenhagen -J. Ro berts flDFRl| , |DFR2| 1 and by many other in several variants. 

J. Wheeler Whl | introduced the well-known "space-time- foam" term to define the 
hypothetical geometrical structure that should supersede smooth differentiable manifolds 
at small scales. 

Non-commutative geometries are a natural candidate to replace ordinary Lorentzian 
smooth manifolds as the arena of physics and provide a rigorous (although incomplete, 
yet) formalization of the notion of space-time "fuzziness". 

The notion of non-commutative space-time originated from an idea of W. Heisen- 
berg ^| that wBsdeveloped bvH. Snyder jSiJ. More recently S. Doplicher-K. Fredenhagen- 
J. Roberts [DERI, DFR2 , Do2 , Do3] described a new version of Poincare covariant non- 
commutative space. An algebraic quantum field theory o n suc h non-commutative spaces 
is currently under active development (see S. Doplicher | Do4 | for a recent review) and 
there are some hopes to get in such cases a theory that is free from divergences. Many 
other "variants" of non-commutative space-time (mostly obtained by "deformation" of 
Minkowski space-time or as "homogeneuos spaces" of a "deformed" Poincare group) and 
non-commutative field theory on them are now under investigation in theoretical physics 
(see for example J. M adore §As^ , B. Cerchi ai-G. Fiore-J. Madore fCFMfl , G. Fiore [ Fio| , 
G. Fiore-J. Wess FW|, H. Grosse-G. Lechner |GLe| and references therein), but it is beyond 
our scope here to enter the details of their description. 

A. Einstein has been one of the few to stress the conceptual need for a geometrical 
treatment of the nuclear and electromagnetic forces alongside with gravity. T. Kaluza and 



56 He communicated it in a letter to R. Peierls who shared the suggestion with W. Pauli and R. Oppen- 
heimer. 
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O. Klein's theory of unification of electromagnetism with gravity via "extra-dimensional" 
Lorentzian manifolds was clearly going in this direction, but it has gained some popularity 
only recently, with the introduction of superstrings that, for reasons of internal consistency 
require the existence of (compactified) extra dimensions and whose treatment of gravity 
is manifestly non-background- independent (in the sense required by general relativity) . 

To date, the most successful achievement in t he direction of "geomctrization of physical 
interactions", has been obtained by A. Connes | C5, CLo , CI , CM2| (see also the works 
by A Cham seddine-A. Conn es [|CCl| , |CC2| , |CC3| , A. Chamseddine-A. Connes-M. Mar- 
coni | CCMa and J. Barrett | Bar | for a Lorentzian version) who has promoted the view 
that the complexity of standard model in particle physics should be reconsidered as reveal- 
ing the features of the non-commutative geometry of space-time. The program describes 
(for the moment only at the classical level) how gravity and all the other fundamental 
interactions of particle physics arise as a kind of gravitational field on a non-commutative 
space-time given by a spectral triple over a C*-algebra that is a tensor product of the 
algebra of continous function on a 4-dimensional orientable spin-manifold and a finite 
dimensional real C*-algebra. 



5.4 Spectral Space-Time. 

What we call here "spectral space-time" is the idea that space-time (commutative or not) 
has to be "reconstructed a posteriori" , from other operationally defined degrees of freedom, 
in a spectral way. The origin of such "pregeometrical philosophy" is less clear. 

Space-time as a "relational" a posteriori entity originate from ideas of G.W. Leibnitz, 
G. Berkeley, E. Mach. 

Although pregeometrical speculations, in western philosophy, probably date as far 
back as Pythagoras, their first modern incarnation probably starts with J. Wheeler's 
"pregeometries" [Wh2, MLP| and "it from bit" [Wh3 proposals. 

R. Geroch [Ge|, with his Einstein algebras, was the first to suggest a "transition" from 
spaces to algebras in order to solve the problem of "singularities" in general relativity. 

The fundamental idea that space-time can be completely recovered from the specifi- 
cation of suitable states of the system, has been the subject of scattered speculations in 
algebraic quantum field theory in the past by A. Ocncanu S. Doplicher [Dol], U. Ban- 
nier [ Ban] , in the "geometric modular action" program^] by S. Summers-R. W hite |SuW ] 
and in the "modular localization" context (see R. Brunetti-D. Guido-R. Longo |BGL| and 
references therein) has been conjectured by N. Pinamonti jp|. 

More recently the idea has gained importance in the attempts to reconstruct quantum 



physics from quantum information (among others, J. Bub-R. Clifton-H. Halvorson [BCH|, 
A. Grinbaum [Gril, Gri2| , Gri3, Gri4| and especially C. Rovelli's suggestion [Rol 
tion 5.6.4]), but it is still an unsolved problem. 



S-» This is probably because only now the Araki-Haag-Kastler axiomatization has been 
suitably e xtende d to incorporate general covariance (R. Brunetti-K. Fredenhagen- 
R. Verch | BFV| ), but there are, in our opinion, other fundamental issues that 
need to be addressed in a completely unconventional way and that are related 
to the "philosophical interpretation" of states and observables in the theory in 
"atemporal-covariant" context (following ideas of C. Isham and collaborators Q |3| 



7 As reported in A. Jadczyk Jla 



58 See D. Buchholz-S. SummersJBSl 
O. Dreyer-M. Florig-S. Summers [BDFS 



BS2[ , D. Buchholz 
, for details. 



■M. Florig-S. Summers [BFS], D. Buchholz 
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[Lit |ILSS|] C. Rovelli an d collaborators |Tol], [Ro5| p^fi], |MPP| , J Hartle part | 
L. Hardy parlt |Ha72], par3|, J. Dawling-S. Jay Olson [DJQ1|, pJQ2|). 



That essential information about the underlying space-time is already contained in the 
algebra of observables of the system (and its Hilbert space representation) is clearly indi- 
cated by R. Feynman-F. Dyson [DyJ reconstruction of Maxwell equations (and hence of the 
Poincare group of symmetries) from the commutation relations of ordinary non-relativistic 
quantum mechanics of a free particle, an argument recentl y revised and extended to non- 
commutative configuration spaces by T. Kopf-M. Paschkc [PI, KP2]. 



In a slightly different context, in their discussion of the construction of the quantum 
theory of spin particles on a (compact Riemannian manifold), J. Frohlich-O. Grandjean- 
A. Recknagel [FGR1, FGR2, FGR3| , FGR4|, have been considering several important un- 
solved aspects of the relationship between the underlying configuration space of a physical 
system and the actual non-commutative geometry exhibited at the level of its algebra 
of observables (phase-space). The solution of these problems is still fundamental in the 
construction of a theory of spectral space-time and quantum gravity based on algebras of 
observables and their states. We will have more to say about this problem in the final 



section 5.5.2 



S-> That non-commutative geometry provides a suitable environment for the imple- 
mentation of spectral reconstruction of space-time from states and observables in 
quantum physics has been the main motivating idea of one us (P-B.) since 1990 and 
it is still an open work in progress [Q . 



5.5 Quantum Gravity. 

Quantum gravity is the discipline of theoretical physics that deals with the interplay 
between quantum physics and general relativity. The need for research in this direction 
was actually recognized by A. Einstein since the birth of general relativity and several 
people started to work on it from 1930. Unfortunately, after many years of research 
by some of the best scientists, we do not have yet an established theory, let alone a 
mathematically sound frame for these questions. 

Following closely C. Isham's excellent reviews jo], p|] , here below we try to summarize 
the several approaches to quantum gravity:^ 

a) Quantizations of general relativity. 

Approaches of this kind, try to make use of a "standard version" of quantum me- 
chanics to substitute (a modified) general relativity with a quantized version. 

— Canonical Quantization (initiated by P. Dirac-P. Bargmann, developed by 
R. Arnowitt-S. Deser-C. Misner and J. Wheeler-B. DeWitt and recently re- 
vived by A. Sen-A. Ashtekar and L. Smolin-L. Crane-C. Rovelli-R. Gambini 
and others) is probably the first non-perturbative proposal: it tries to find suit- 
able canonical variables to describe the dynamics of classical general relativity 
and to perform a quantization on them. After a period of stagnation, this 
approach has been revived under the name of loop quantum gravity and 
it is currently the most elaborate non-perturbative (background-independent) 
program in quantum gravity (see C. Rovelli [Rol, Ro2[ | for an introduction and 
also T. Thiemann |Thl| , [Th2| , ffh§). 



59 See also Appendix C in C. Rovelli's book [Rol| for a detailed history of the subject 



32 



— Covariant quantization (initiated by L. Rosenfeld, M. Fierz-W. Pauli and 
developed by B. DeWitt, R. Feynman, G. t'Hooft) is a background-dependent 
approach (usually the one preferred by particle physicists) in which the non- 
Minkowskian part of the metric tensor is considered as a classical field propa- 
gating on a fixed Minkowski space and quantized as any other such field. The 
proof of non-renormalizability of general relativity in this setting has some- 
how stopped any further attempts in this direction forcing researchers to take 
the stand that general relativity is not a fundamental theory and prompting 
the development of supergravity and later string theory (see approaches in c) 
below) . 

— Path integral quantum gravity (initiated by C. Misner-J. Wheeler, devel- 
oped by S. Hawking-J. Hartle) is a proposal that is characterized by its use 
of the formalism of Feynman functional integrals for quantization. In its first 
incarnation, Euclidean quantum gravity, the theory was performing a path 
quantization of a Riemannian version of general relativity and it was motivated 
by semiclassical studies by S. Hawking on the thermodynamic properties of 
black-holes (quantum field theory on curved space-times). Recently the ap- 
proach has been revived in a Lorentzian version known as causal dynamical 
triangulations (see J. Ambj0rn-J. Jurkiewicz-R. Loll [AJL] and references 
therein) that has achieved extremely good results in the reconstruction of some 
of the features of general relativity (such as the four dimensionality of space- 
time) in the "large scale limit" . 

b) Relativizations of quantum mechanics. 

In this case we are forcing as much as possible of the formalism required by general 
covariance on quantum mechanics (eventually modifying it if necessary) . Although 
the proposal is very natural, there are almost no programs following this approach, 
probably because traditionally "quantization" has always been the standard route; 



K. Freden hagen -R. Haag [FH|, and more recently R. Brunetti-K. Fredenhagen- 
R. Verch [BFV] have been studying the problem in the context of algebraic 
quantum field theory. 



A few resear cher s, among them B. Miel nik | Mi | and more recently A. Ashtekar- 
T. Schilling [|AS), C. Brody-L. Hugston |BHl| , |BH2| , have been trying to modify 
the usual phase-space of quantum mechanics (the Kahlcr manifold given by the 
projective space of a separable Hilbert space with the Fubini-Study metric) 
in order to allow more "geometrical variability" in the hope to facilitate the 
confrontation with general relativity. 

Some proposal to modify quantum mechanics in a "relational" or "covariant 
way " starting with H. Everett-J. Wh eele r and more recently with C. Rov- 
clli [ Fto3 , |Ro4|], C. R ovelli-M. Smerlak [RS] or with the use o f catcgories/topoi 



(L. Crane [Crl, |Cr2 
A. Doring DDj , 



DI2 



J. Butterfield-C. Isham [|bT| |BI4|, [bT| |T§ |l§, C. Isham- 
DI3l |DI4| ) in order to make it suitable for quantization of 



general relativity (either in the case of loop quantum gravity program of other 
more radical approaches) can be considered also in this category. 

c) General relativity as an emergent theory. 

Here quantum mechanics and quantum field theory are considered as basic and 
general relativity is obtained as an approximation from a fundamental theory. These 
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kind of approaches pioneered by A. Sakharov are now the most fashionable among 
particle physicists. 



String theory in all of its variants is the most popular approach to quantum 
gravity. We refer to M. Green-J. Schwarz-E. Witten |GSW| as a standard 
reference. 

Analog gravity and other models of general relativity based on quantum 
solid state phys i cs, acoust ic, hydrodynamics. For a review, see for e xample 
G. Volovik (Vol], |Vo|, |Vol and C. Barcelo-S. Liberati-M. Visser jBLV |. 



d) Quantum mechanics as an emergent theory (without modification of general 
relativity). 

Very few people have been trying this road, probably because everyone is expecting 
that a classical theory (as general relativity is) should be subject to quantum mod- 
ifications in the small distances regime, there are anyway some incomplete ideas in 
this direction: 



G. t'Hooft [tHl, bH2] is proposing models to replace quantum mechanics with 
a classical fundamental deterministic theory. 



The theory of geons (H. Hadley Hal, Ha2, Ha3]), tries to simulate the quantum 
behaviour of elementary particles starting with localized geometrical structures 
on the Lorentzian manifolds of general relativity. 

L. Smolin Sm2| has recently considered the possibility that quantum mechanics 
might arise as a stochastic theory induced by non-local variables. 



— E. Prugovecki [Prl, Pr2, Pr3| also proposed an approach to quantum mechanics 
through stochastic process. 

c) Pregeometrical approaches (suggested by J. Wheeler) are alternative approaches 
that require at least some basic modifications of general relativity and quantum me- 
chanics that might both "emerge" by some deeper dynamic of degrees of freedom not 
necessarily related to any macroscopic geometrical entity. Most of these theories are 
at least partially background-independent (depending on the amount of "residual" 
geometrical structure used to define their kinematic). The main problems arising in 
pregeometrical theories is usually the description of an appropriate dynamic and the 
recovery from it of some "approximate" description of general relativity and ordinary 
quantum physics in the "macroscopic" limit. The proposals that can be listed in this 
category are extremely heterogeneous and they might range from "generalizations" 
of other more conservative approaches: 

— algebraic quantum gravity: a generalization of loop quantum gravity recently 
developed by K. Giesel-T. Thiemann pTl[ pT2| , |GT3| , |GT4| , 

— group field theory quantum gravity: a powerful extension of the path integral 



approach to quantum gravity proposed by D. Oriti [Oi 



to more radical paths (that we collect here just for the benefit of the interested 
reader): 



twistor theory (R. Penrose [PcR, Pc|) 



quantum code (D. Finkelstein [Fil, Fi2]), 



causal sets (R. Sorkin Sol , So2, BoSJ) 
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causaloids (L. Hardy [Harl, Har2, Har3, Har4, Har5| |) 



— computational approach (S. Lloyd [Lll, L12|) 



internal quantum gravity (O. Dreyer |D1 



D2 



quantum causal history (F. Markopoulou [ Marl| , Mar2, Marc 1 , E . Hawkins- 
F. Markopoulou-H. Sahlman ]HMSj1 , D. Kribs-F. Makopoulou jCM) ), 



quantum graphity (T. Konopka-F. Markopoulou-L. Somolin |KMS|) 



abst r act d i fferen t ial g e omet ry (A. Mallios [Mall, Mal2 , Mal3|, J . Rapt is | Ral 
Raj [Rail [Ra| [Raf [R^LA. Mallios-J. Raptis |VIRl| , |MR2j |MR3j |MR4 | 
A. Mallios-E. Rosinger PRo|] ), 

categorical approaches ( J. B aez 
J. Buttcrficld-C. Isham 



Ba2 



A. D6ring-C. Isham flDIl|, |DI2] DI3, pI4| ) 




13, BI4 



BI5 



Ba3| , [BaJ, L. Cran e [CrH |Cr2 



C. Isham ||, 0, 



non-commutative geometry approaches: 



M. Hcllcr-Z. Odrzygozdz-L. Pysiak-W. Sasin 


HOS, 


HS1, 


HS2, 


HS3, HS4 


HS5, 


HS6, 


HPS1 


. HPS2. 


HPS3, HOPS!, HOPS2, 


HOPS3|, 



* via deformation quantization (Moyal- Weyl) : P. Aschieri and collabora- 
tors |As| |As|, |ADMW| , |ADMSW| , |ABDMSW| , 

* via quantum groups: S. Majid Maj3| , Maj4, Maj5, Maj6|, 

* via A. Connes' non-commutative geometry: 



M. Paschke [P2|, A. Connes-M. Marcolli [CM2 



Since we are here mainly interested in A. Connes' non-commutative geometry, we are 
going to conclude by examining a bit more in detail the situation as regards its possible 
applications to quantum gravity. 



5.5.1 A. Connes' Non-commutative Geometry and Gravity 

It is often claimed that non-commutative geometry will be a key ingredient (a kind of 
quantum version of Riemannian geometry) for the formulation of a fundamental theory of 
quantum gravity (see for example L. Smolin pml and P. Martinetti [Mart2|) and actually 
non-commutative geometry is often listed among the current alternative approaches to 
quantum gravity. 

In reality, with the only notable exceptions of the extremely interesting programs out- 
lined in M. Paschke [P2] and in A. Connes-M. Marcolli [CM2], a foundational approach 
to quantum physics based on A. Connes' non-commutative geometry has never been pro- 
posed. So far, most of the current applications of A. Connes' non-commutative geometry 
to (quantum) gravity have been limited to: 



the study of some "quantized" example: C. Rovelli | Ro5 ], F, Besnard [Bc|, 



the use of its mathematical fr ame work for the reformulation of classical (E uclide an) 
general relativity: D. Kastlcr [K3], A. Chamscddine-G. Fcldcr-J. Frohlich CFFj, 



W. Kalau-M. Walze [JKW , C. Rovelli-G. Landi |LR1 



LR2 



Lan2j, 



60 See also the recent papers by B. Booss-Bavnbek-G. Esposito-M. Lesch [BEL and F. Miillcr- 
Hoissen M-H for more detailed and alternative surveys on noncommutative geometry in gravity. 
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attempts to use its mathematical framework "inside" some already established theo- 



ries such as strings (A. Connes-M. Douglas-A. Schwarz CDS | , J. Frohlich, O. Grand- 
jean, A. Recknagel jFGR3| ], J. Brodzki, V. Matha i J. R osenberg, R. Szabo [ |BMRS| ) 
and loop gravity (J. Aastrup-J. Grimstrup [AG1, AG2[ |, F. Girelli-E. Livine [GL]), 



• the formulation of Hamiltonian theories of gravity on globally hyperbolic cases, where 
only the "spacial-slides" are described by non-commutative geometries: 
E. Hawkins paw[ , T. Kopf-M. Paschke |KPl| , 



KP2 



Ko 



In a slightly different direction, there are some important areas of research that are 
somehow connected to the problems of quantum gravity and that seem to suggest a more 
prominent role of Tomita-Takesaki modular theory^] in quantum physics (and in particular 
in the physics of gravity): 

• Since the work of W. Unruh [0], it has been conjectured the existence of a deep 
connection between gravity (equivalence principle), thermal physics (hence Tomita- 
Takesaki and KMS-states) and quantum field theory; this idea has not been fully 
exploited so far. 



Starting from the works of J. Bisognano-E. Wichmann |BW1, BW2], G. Sewell Sew 
and more recently, H. J. Borchers [Bol|, there is mounting evidence that Tomita- 
Takesaki modular theory should play a fundamental role in the "spectral recon- 
struction" of the space-time information from the algebraic setting of states and 
observables. Some of the most interesting results in this direction have been ob- 
tained so far: in the theory of "half-sided modular inclusions" and modular inter- 
sections (see H.-J. Borchers [ Bo2{ and references therein, H. Araki-L. Zsido HAZl); in 



the "geometric modular action" program (see D. Buchholz-S. Summers [BS1, BS2|, 
D. Bu chholz- M. Florig-S. Summers ]BFS|] D. Buchholz-O. Dreyer-M. Florig-S. Sum- 
mers [BDFS , S. Summers-R. White [3uW]); in "modular nuclearity" (see for details 
R. Haag [|H[1 and , for recen t app li cations to the "form factor program", D. Buchholz- 

in the "modular localization program" 



G. Lechncr |BL|, |Lcl| [Lc2 



_J. p.el[ [I .(■■") 

(see B. Sc hrocr- H.-W. Wiesbrock~l^cl|, |Sc2[ |SWl| , [SW2| , R. Brunetti -D. G uido- 
R. Longo jBGLfl F. Lledo @, J. Mund-B. Schroer-J. Yngvanson jMSYp and 
N. Pinamonti Jp|). 

• Starting with the construction of cyclic cocycles fro m supe r symm etric quantum field 
theories by A. Jaffe-A. Lesniewski-K. Osterwalder [JLOl, JL02], there has always 
been a constant interest in the possible deep structural relationship between super- 
symmetry, modular theory of type III von Neumann algebras and non-commutative 
geometry (see D. Kastler [K3] and A. Jaffe-O. Stoytchev Jj|, ^S|). Some deep results 
by R. Longo |L3|| established a bridge between the theory of superselections sectors 
and cyclic cocy cles obtained by super-KMS states. The recent work by D. Buchholz- 
H. Grundling [BG| opens finally a way to construct super-KMS functionals (and 
probably spectral triples) in algebraic quantum field theory. 



61 The original ideas ^hout modular theory were developed by M. Tomita [Tol, To2], We refer to the 
texts by M. Take saki [hj, B. Blackadar IB! for a modern mathematical introduction and to O. Bratteli- 



D. Robinson [BR], R. Haag Jh| for a more physics oriented presentation. Excellent updated reviews n ri the 
relevance of modular theory in quantum physics are given by S. Summers prj] and H.-J. Borchers [Bo2 



(but see also R. Longo [LIJ). Outside the realm of operator algebras, Tomita- Takesaki theorem for classical 
statistical mechanical systems has been discussed by G. Gallavotti-M. Pulvirenti [GP] and a strictly related 
correspondence between modular theory and Poisson geometry has been pointed out by A. Weinstein jw|. 
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In the context of C. Rovelli "thermal time hypothesis" Rol in quantum gravity, 
A. Connes-C. Rovelli (CR| (see also P. Martinetti-C. Rovelli JMR] and P. Mar- 



tinetti [ Marti |) have been using Tomita-Takesaki modular theory in order to induce 
a macroscopic time evolution for a relativistic quantum system. 



• A. Connes-M. Marcolli [ CM2 | with the "cooling procedure" are proposing to examine 
the operator algebra of observables of a quantum gravitational system, via modular 
theory, at "different temperatures" in order to extract by "symmetry breaking" an 
emerging geometry. 

S-» The idea that space-time might be spectrally reconstructed, via non-commutative 
geometry, from Tomita-Takesaki modular theory applied to the algebra of physical 
observables was elaborated in 1995 by one of the authors (P-B.) and independently 
(motivated by the possibility to obtain cyclic cocycles in algebraic quantum field 
theory from modular theory) by R. Longo |L2|. Since then this conjecture is still 
the main subject and motivation of our investigation |BCL |. 



Similar speculations on the interplay between modular theory and (some aspects of) space- 
time geometry have been suggested by S. Lord [Lo, Section VII. 3] and by M. Paschke- 
R. Verch JPVj] , Section 6]. 

S-» One of the authors (R.C.) has raised the somehow puzzling question whether it is 
possible to reinterpret the one parameter group of modular automorphisms as a 
renormalization (semi-)group in physics. The connection with P. Cartier's idea of 
a "universal Galois group" |Cai], currently developed by A. Connes-M. Marcolli, is 
extremely intriguing. 



5.5.2 A Proposal for (Modular) Algebraic Quantum Gravity. 

Our ongoing research project |BCL[] is aiming at the construction of an algebraic 
theory of quantum gravity in which "non-commutative" space-time is spectrally re- 
constructed from Tomita-Takesaki modular theory. 

What we propose is to develop a head-on approach to the foundations of quantum 
physics technically based on algebraic quantum theory (operator algebras) and A. Connes' 
non-commutative geometry. The research is building on the experience already gained in 
our previous/current mathematics research plans on "modular spectral triples in non- 
commutative geometry and physics" [ BCL|p| and on "categorical non-commutative geom- 
etry" and is conducted in the standard of mathematical rigour typical of the tradition of 
mathematical physics' research in algebraic quantum field theory [|A|, [5]. 

In the mathematical framework of A. Connes' non-commutative geometry, we are ad- 
dressing the problem of the "spectral reconstruction" of "geometries" from the underlying 
operational data defined by "states" over "observables' C*-algebras" of physical systems. 
More specifically: 

4-» Building on our previous research on "modular spectral-triples"^ and on recent 
results on semi-finite spectral triples developed by A. Carey-J. Phillips-A. Rcnnic- 



F. Sukhocev |CPR|, we make use of Tomita-Takesaki modular theory of operator 
algebras to associate non-commutative geometrical objects (that are only formally 
similar to A. Connes' spectral-triples) to suitable states over involutive normed al- 
gebras. 



62 P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, Algebraic Quantum Gravit y, work in progress. 

63 Partially supported by the Thai Research Fund TRF project RSA4580030 

64 t 



P. Bertozzini, R. Conti, W. Lewkeeratiyutkul, IV 



odular Spectral Triples, in preparation. 
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We are developing^! an "event" interpretation of the formalism of states and observ- 
ables in algebraic quantum physics that is in line with C. Isham's "history projec- 



tion operator theory" pjjf3, ELI, 1L2, ILSSfl and C. Rovelli's "relational/relativistic 
quantum mechanics" [Ro3[|. 



S-> Making contact with our current research project on "categorical non-co mmutative 
geometry" an d with oth er projects in categorical quantum gravity (J. Baez [ Ba3 , Ba4 
and L. Crane [Crl, Cr2|), we plan to generalize the diffeomorphism covariance group 
of general relativity in a categorical context and use it to "identify" the degrees of 
freedom related to the spatio-temporal structure of the physical system. 



Zch 



F. Markopoulou [Marl, Mar2 



W. Zurek [Zul), "emer 



S-» Techniques from "decoherence/einselection" (H 
gence/noiseless subsystems" (O. Dreyer Dll |D2 

Mar3, KoMj ), superselection (I. Ojima [01, D5, |0T|) and the "cooling" procedure 
developed by A. Connes-M. Marcolli |CM2 | are expected to be relevant in order 
to extract from our spectrally defined non-commutative geometries, a macroscopic 
space-time for the pair state/system and its "classical residue". 

S-> Possible reproduction of quantum geometries already defined in the context of loop 
quantum gravity (see T. Thiemann Thl |, J. Aa strup-J . Grimstrup | AG1 , AG2| ) 
S. Doplicher-J. Roberts-K. Fredenhagen models flDFRl| , [DFR|, po^, poj, 
be investigated. 

If partially successful, the project will have a significant fallout: a background-independent 
powerful approach to "quantum relativity" that is suitable for the purpose of unification 
of physics, geometry and information theory that lies ahead. 



DoJ will 
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